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Abstract 



The spinor representation is developed and used to investigate minimal surfaces 
in with embedded planar ends. The moduli spaces of planar-ended minimal spheres 
and real projective planes are determined, and new families of minimal tori and Klein 
bottles are given. These surfaces compactify in to yield surfaces critical for the 
Mobius invariant squared mean curvature functional W. On the other hand, all W- 
critical spheres and real projective planes arise this way. Thus we determine at the 
same time the moduli spaces of VF-critical spheres and real projective planes via the 
spinor representation. 
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Introduction 

In this paper we investigate the interplay between spin structures on a Riemann 
surface M and immersions of M into three-space. Here, a spin structure is a complex 
line bundle S over M such that S ^ S is the holomorphic (co)tangent bundle T{M) 
of M. Thus we may view a section of a S* as a "square root" of a holomorphic 1-form 
on M. Using this notion of spin structure, in the first part of this paper we develop 
the notion of the spinor representation of a surface in space, based on an observation 
of Dennis Sullivan [27] . The classical Weierstrass representation is 



where g and 7] are respectively a meromorphic function and one-form on the under- 
lying compact Riemann surface. The spinor representation (Theorem 5) is 



where Si and S2 are meromorphic sections of a spin structure S. Either representation 
gives a (weakly) conformal harmonic map M — > M^, which therefore parametrizes a 
(branched) minimal surface. 

One feature of the spinor representation is that fundamental topological infor- 
mation, such as the regular homotopy class of the immersion, can be read off directly 
from the analytic data (Theorem 6). In fact, for the special case where the Riemann 
surface M is hyperelliptic, we are able to give an explicit calculation of the Arf invari- 
ant for the immersion (Theorem 8); the Arf invariant distinguishes whether or not 
an immersion of an orientable surface is regularly homotopic to an embedding. We 
also consider in Part 1 the spinor representation for nonoricntable minimal surfaces 
in terms of a lifting to the orientation double cover (Theorem 11). This is sufficient 
for constructing examples later in the paper, but is less satisfying theoretically. In 
a future paper, we plan to consider the general case from the perspective of "pin" 
structures, and also give a more direct differential geometric treatment of the Arf 
invariant. 

The second part of this paper focuses on general properties of minimal surfaces 
with embedded planar ends from the viewpoint of the spinor representation. It is well- 
known (see [2], [13], [14]) that such surfaces conformally compactify to give extrema 
for the squared mean curvature integral W — J H'^dA popularized by Willmore. 
Conversely, for genus zero, all W^-critical surfaces arise this way [2]. 

Using the spinor representation to study these special minimal surfaces has the 
computational advantage of converting certain quadratic conditions to linear ones. 
This is carried out in Part II, where we refine the tools we need. In fact, associated 
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to a spin structure on a closed orientable Riemann surface M is a vector space 
JC of sections of S such that pairs of independent sections (si, S2) from /C form the 
spinor representations of all the minimal immersions of M with embedded planar 
ends (Theorem 13). Thus the problem of finding all these immersions is reduced 
to an algebraic problem (Theorem 15). In order to better understand /C, a skew- 
symmetric bilinear form Q, is defined from whose kernel /C is computable (Theorem 
17). 

The third (and final) part of this paper is devoted to the construction of ex- 
amples and to classification results. Specifically, for a given finite topological type 
of surface, we want to explore the moduli space of immersed minimal surfaces 
(up to similarity) of this type with embedded planar ends: the dimension and topol- 
ogy of Ai, convergence to degenerate cases (that is, the natural closure of A^), and 
examples with special symmetry (which correspond to singular points of 7W). The 
tools mentioned above permit the broad outline of a solution, but require ingenuity 
to apply in particular cases. For example, the form Q allows the moduli space to 
be expressed as a determinantal variety which determines how the location of the 
ends can vary along the Riemann surface M. However, this determinantal variety 
is only computable when the number of ends is small. Furthermore, the basic tools, 
being algebraic geometrical, ignore the real analytic problems of removing periods 
and branch points. The latter require much subtler and often ad hoc methods. 

Previously known results concerning genus zero minimal surfaces with embedded 
planar ends include the following: 

• examples have been found for 4, 6, and every n > 8 ends [2], [14], [23]; 

• there are no immersed examples with 3, 5, and 7 ends [3]; 

• the moduli spaces for immersed spheres with 4 and 6 ends, and projective planes 
with 3 ends have been determined [3]. 

In Part III our new theorems include the following: 

• a new proof of the non-existence of examples with 3, 5 and 7 ends is given using 
the skew-symmetric form Q (Theorem 18); 

• the moduli space for 2p ends (2 < p < 7) is shown to be 4(p — l)-dimensional 
(Theorem 21); 

• the point which compactifies the moduli space of projective planes with 3 ends 
is proved to be a Mobius strip, and all symmetries of these surfaces are found 
(Theorem 25). 

A recent result concerning genus one is the construction in [5] of examples with 
four embedded planar ends, assuming a rectangular lattice. We give further results: 

• there are no three-ended tori (Theorem 26); 

• there is a real two-dimensional family of four-ended immersed examples on each 
conformal type of torus (Theorem 27); 

• there exists an immersed Klein bottle with four ends (Theorem 29). 
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For higher genus, the general methods wc have developed here also yield (possi- 
bly branched) minimal immersions with embedded planar ends, but it becomes more 
and more difficult to determine precisely when branch points are absent or periods 
vanish: we again postpone this case to a future paper. 

Most of the theorems presented here were worked out while we visited the Insti- 
tute for Advanced Study during the 1992 Fall term, and were first recorded in [26]. It 
is a pleasure to thank the School of Mathematics at the Institute for its hospitality, 
as well as Sasha Bobenko, Peter Norman and Dennis Sullivan for their comments 
and interest. In particular, we should mention that Bobenko has recently announced 
some related results for constant mean curvature surfaces {Surfaces in terms of 2 by 
2 matrices: Old and new integrable cases, in: A. Fordy and J. Wood, Harmonic Maps 
and Integrable Systems: Vieweg, 1994). 
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Part I 

Spinors, Regular Homotopy Classes and the Arf Invariant 

1 The spinor representation 

The notion of a spin structure is developed and used to describe the spinor repre- 
sentation of a surface in space. Section 3 defines a "quadratic form" which can be 
used to completely classify the spin structures on a surface, and section 4 computes 
coordinates for the unique spin structure on the Riemann sphere. In the next two 
sections, the spinor representation of a surface is explained and related to the regular 
homotopy class of the surface. Section 7 shows equivalent characterizations of spin 
structures, the most useful of which will be that of representing spin structures by 
holomorphic differentials. These differentials are computed on hyperelliptic Riemann 
surfaces. Section 9 takes up the question of group action on spinors, and computes the 
group which performs Euclidean similarity transformations. Two surfaces which are 
transforms of each other under the action of this group are considered to be the same. 
The final two sections discuss briefly the technicalities of periods and nonorientable 
surfaces. 

2 Spin structures and spin manifolds 

A spin structure on an n-dimensional (spin) manifold M is a certain two-sheeted 
covering map of the SO(n)-frame-bundle on M to a Spin(n)-bundle (see [20], [17]). 
When n = 2, this notion of spin structure may easily be reduced to the following 
definition in terms of a quadratic map between complex line bundles, as the figure 
below depicts: 

s — ^ r(M) 




M 

Figure 1: Spin structure 

Definition 1. A spin structure on a Riemann surface M is a complex line bundle 
S over M together with a smooth surjective fiber-preserving map /i : S — > T{M) to 
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the holomorphic (co)tangent bundle T{M) satisfying 
(2.1) /x(As) = AV(s) 

for any section s of S. 

Two spin structures (S*, /x) and on a Riemann surface M are isomorphic 

if there is a line bundle isomorphism S : S — > S' for which /j, — /I'S. Hence two 
spin structures may be isomorphic as line bundles and yet not be isomorphic as spin 
structures. The number of nonisomorphic spin structures on a Riemann surface M 
is equal to the cardinality of H^{M, Z2). (This count remains true for spin manifolds 
in general: see [20].) In particular, if M is a closed Riemann surface of genus g, there 
are 2^3 = ^H^(M, Z2) such structures on M. 

On an annulus A — {ri < z < there are exactly two nonisomorphic spin 
structures, which can be given explicitly as follows. The tangent bundle T{A) may 
be identified with A x Chy means of the global trivialization 

^ (p,a). 

p 

Let So = Si = A X C and define maps fik ■ Sk — > T{A) for /c = 0, 1 by 

IJ,i{z,w) = {z,zw^). 

Then (-S'jk,//^) are spin structures on A since Hk satisfies the condition (2.1). Though 

50 and Si are isomorphic line bundles over A, they are nonisomorphic spin structures. 
For if 5*0 and 5*1 were isomorphic spin structures with bundle isomorphism 6 : So — > 

51 satisfying /xq = A*i5, then 6 would be of the form {z,w) 1— >• {z, f{z,w)). Then 
w'^ — zf'^, implying that z has a consistent square root on C*, which is impossible. 

3 The quadratic form associated to a spin struc- 
ture 

In this section, the Riemann surface M, its holomorphic (co)tangent bundle, and 
the spin structure are replaced with the corresponding real manifold and real vector 
bundles. In particular, all vector fields in this section are real vector fields. 

To each spin structure S on the Riemann surface M we associate a Z2- valued 
quadratic form 

q : Hi{M,Z2) — > Z2. 



d_ 
dz 
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To say that q is quadratic means that for all ai, 0:2 e Hi{M, Z2) we have 

q{ci + C2) = q{ci) + q{c2) + Ci ■ C2. 

where ci • C2 denotes the mod 2 intersection number of ci with C2. 

To define q{c), let a : — > M be a smooth embedded representative of c (the 
existence of such an a follows from results in [19]). Let f be a smooth vector field 
along a which lifts to a section of the spin structure along a, and let w{a,v) denote 
the total turning number, mod 2, of the derivative vector a' against v along a. Define 
q{c) = Wy{c) + l. 

To show that q is quadratic, the following technical lemma is stated without 
proof. (A Jordan trail is a closed tracing along a curve which tracing does not cross 
itself. The existence of the Jordan trail is assured in [12].) 

Lemma 2. 

(i) Let a : — > M he an immersion, and let a be the number of self-crossing 
points of a. Let v be a smooth non-zero vector field along a{S^) on M. Let (3 
be a Jordan trail for a. Then 

Wv{P) = Wv{a) + a. 

(a) Let ai and 0:2 ■ — ^ M be immersions, with a common base point ai{t) — 
0:2 (i). Let «! * q;2 : — > M denote the closed curve consisting of ai followed 
by Let v be a smooth non-zero vector field along Oii{S^) U a2{S^). Then 

Wv{ai * 02) = Wy{ai) + 'Wy{a2). 



Lemma 3. If a : — > M is an embedded curve on a spin surface M with spin 
structure S, and Vi, f 2 are smooth nonzero vector fields along a, then the following 
are equivalent: 

(i) w{a,v\) = w{a,V2) 

(ii) Vi and V2 alike lift or do not lift along a to smooth sections of S. 

Proof. We may assume M is an annulus containing a{S^) as the unit circle, with spin 
structure Sk {k — or 1) as in section 2. Any vector field — >■ C is of the form 
1 1— > t^[f{t)]'^, where / is smooth and 




k ii V lifts, 

1 — k ii V does not lift. 
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Then, with Wa{hi,h2) defined as the mod 2 winding number of hi against /i2 (or 
equivalently, of /i2/^i) along a, 

Wa{vi,V2)^Wo.itnfiit)]'',t''[Mt)]')^Wait'',t'')=p + q (mod2) 




a Vi, V2 ahke hft or do not hft, 

1 otherwise. 



But Wa{vi,V2) = w{a,vi) + w{a,V2), and the resuh foUows. □ 

Theorem 4. The form q : ifi(M, Z2) — > Z2 defined above is well-defined, that is, 
independent of the choice of the vector field v and the choice of embedded representa- 
tive a. Moreover, q satisfies 

q{ci + C2) = q{ci) + q{c2) + Ci • C2. 

Proof. Let «oi ^-^d ai : — > M be embedded representatives of c G Hi{M, Z2). Let 
Vq, Vi be smooth nonzero vector fields which lift along «oi (^1 respectively to sections 
of the spin structure S. Let at {t G [0, 1]) be a homotopy of and ai. Extend Vq to 
a smooth nonzero vector field in an annulus containing the image of 

Then w{at, v) is a continuous function of t, and an integer, hence it is constant. 
In particular, 

w{ao,Vo) = w{ai,v). 

But V = vo lifts along ao to a smooth section of S. So v must also lift along cti. But 
since vi also lifts along ai, 

w{ai, v) = w{ai, vi). 

Thus 

w{ao,Vo) = w{ai,vi), 

showing that q is well-defined. 

Now, to show q is quadratic, let ai, a2 be embedded representatives of ci, 
C2 G i?i(M,Z2), and let 

a = # of self-crossing points of cti * q;2 = • Q!2 — 1 (mod 2). 

Let /3 be a Jordan trail for ai* a2- Then 

w{(3, v) = w{ai * a2, v) -\- a = w{ai, v) -\- w{a2, v) ai ■ a2 + I 
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by Lemma 2(i). Hence 

g(ci + C2) = w{P,v) + 1 = {w{ai,v) + 1) + {w{a2,v) + 1) + ai ■ a2 
= q{ci) + q{c2) + ci • C2. 



□ 



A well-known result (see, for example, [24]) is that the equivalence class of the 
quadratic form q : iJi(M, Z2) — ^ 1^2 under linear changes of bases of i7i(M, Z2) is 
determined by its Arf invariant 

(3.2) Arfg = ^^(-1)'^("), 

V #^ aeH 

where H — Hi{M, Z2). The quadraticity of q insures that this invariant has values in 
{+1, —1}. For a compact surface of genus g, there are 2^^~^ + 2^~^ spin structures for 
which the Arf invariant of the corresponding quadratic form is +1, and 2^^~^ — 2^~^ 
spin structures for which it is —1 (see section 8). 

4 The spin structure on the Riemann sphere 

The following description of the unique spin structure on S^, as well as the spinor 
representation of a surface in the next section, are adapted from [27]. Identify 

^ [Q] = {[zi, Z2, Z3] e CP' I zf + zl + zl = 0}, 

where Q is the null quadric 

Q = {{zi, Z2, Z3) e C^' I zl + zl + zl = 0}. 
Then T{S'^) may be identified with the restriction to [Q] of the tautological hue bundle 

Taut(Cp2) = {(A,a;) e CP' x | a; e A} 
(here, CP' is thought of as the hues in C^), so 

(4.3) T(5') = Taut(CP')|[Q] = {(A,a;) e [Q] x Q \ x = or 7r{x) e A}, 

where vr : Q — > [Q] is the canonical projection. Given this, the unique spin structure 
Spin (5"') on S"^ may then be identified with the tautological line bundle 

(4.4) Spin(,S') ^ Taut(CP^) ^ {(A, x) e CF^ x C"^ \ x e A}, 
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with the associated mapping // given by 

l^{[zi, Z2\, (si, S2)) = ([(t(zi, Z2)], a(si, S2)), 

where a : — Q is the map defined by 

(4.5) a{zi, Z2) = {z\ - z\,i{z\ + z\), 2ziZ2). 

As may be checked, the map yU satisfies the conditions of Definition 1. 

When T(S'^) and Spin(S'^) are restricted respectively to their nonzero vectors 
and nonzero spin-vectors, they have single coordinate charts 

{nonzero vectors in T(S'^)} — > Q \ {0} 
{nonzero spin- vectors in Spin(iS'^)} — > \ {0} 

defined by taking the second component in each of (4.3) and (4.4) respectively. In this 
case, n may be thought of as the two-to-one covering map cr : \ {0} — > Q \ {0}. 

5 The spinor representation of a surface 

To describe the spinor representation, let M be a Riemann surface with a local com- 
plex coordinate z, and X : M — > a conformal (but not necessarily minimal) 
immersion of M into space. Since X is conformal, its 2;-derivative dX = uo can be 
viewed as a null vector in C^, or via (4.3), as a map into the (co)tangent bundle 
T{S^); so with the (not necessarily meromorphic) Gauss map g associated to X, we 
get the bundle map {u!,g) as in Figure 2. 

T(M) ^ T{S^) 



M 



Figure 2: Bundle map 

The Weierstrass representation is determined by {g,rj) where rj is the (not nec- 
essarily meromorphic) differential form defined by 

uj = {l-g^ ?{l + g^),2g) t]. 

Conversely, given a bundle map {00, g) of T[M) into T(5'^), if ou satisfies the 
integr ability condition Re da; = 0, then 

X = Re Ju-.M 
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is a (possibly periodic) immersion with Gauss map g. 

The spinor representation of the immersion, shown in Figure 3, is obtained by 
hfting uj to the spin structures on M and S"^. 



r(M) 



CO 



Spin(52) 



M 

Figure 3: Spinor representation of a surface 

Theorem 5. Let M be a connected surface, and {u!,g) a bundle map ofT{M) into 
T{S^). Then 

(i) there is a unique spin structure S on M such that lo lifts to a bundle map 

cu: S ^ Spin(52); 

(a) there are exactly two such lifts cu, and these differ only by sign. 



Proof of (i): Considering Spin(5'^) as a Z2-bundle on Ti^S"^) when restricted to 
nonzero spin-vectors and vectors respectively, let S be the (unique) puUback bundle 
of Spin(5'^) under a;, and /i, a) as shown. Extend 5", a>, and ix to include the zero 
spin- vectors. 

Proof of (a): If i : Spin(5'^) — > Spin(S'^) is the order-two deck transformation 
for the covering Spin(5'^) — > T[S'^), then t o a) is another map which in place of lj 
makes the diagram commute. Conversely, if : S — > Spin(5'^) is such a map, then 
for X & S, C{x) is u!{x) or t o u)[x) and continuity implies that ( — cu or lcu. □ 

The spinor representation is determined by the pair of sections a) = (si, S2) of S 
related to cu by the equation 

u = {sj- si, i{sl + si), 2S1S2). 

Thus the Weierstrass representation and the spinor representation are related by the 
equations 

T] = s\ and g = 82/ si. 

The case of a nonorientable M is dealt with in section 11 by the taking of the 
spin structure on the oriented two-sheeted cover of M. 
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6 Regular homotopy classes and spin structures 

Let Xi, X2: M — ^R^he two immersions of a surface into space. Recall the distinc- 
tion between regular homotopy equivalence of the immersions Xi, X2, and regular 
homotopy equivalence of the corresponding immersed surfaces — these immersed sur- 
faces are regularly homotopic if there is a diffeomorphism (p oi M such that X2 is 
regularly homotopic to Xi o (/? — so this latter equivalence relation is coarser. 

Theorem 6. Let Xi, X2 : M — > be two immersions of a surface into space, let 
Si, S2 the spin structures induced as in Theorem 5, and let qi, q2 be the associated 
quadratic forms as in Theorem 4- Then 
(i) Xi and X2 are regularly homotopic if and only if qi = g2(mod2). 
(a) The surfaces Xi{M) and X2{M) are regularly homotopic if and only if Arfqi = 
Arf fn particular, an immersed surface is regularly homotopic to an embed- 
ding if and only if its Arf invariant equals +1. 

Sketch of proof . Define q{a) as the linking number (mod 2) of the boundary curves 
of the image of a tubular neighborhood of a in M^. Then 

the Darboux frame along a 
q(a) — <^=^ is nontrivial as an element of <^=^ q{oi) — 0. 
vri(S0(3)) 

Hence q = g(mod2). But Xi, X2 are regularly homotopic if and only if qi = 
g2(niod2), and the corresponding immersed surfaces are regularly homotopic if and 
only if Arfgi = Arf 52 (see [24]). □ 



7 Theta characteristics and spin structures 

Theorem 7 ties the notion of spin structure with other concepts from algebraic geom- 
etry. Recall that a theta characteristic on a Riemann surface is a divisor D such that 
2D is the canonical divisor. 

Theorem 7. Given a Riemann surface M, there are natural bijections between the 
following sets of objects: 

(i) the spin structures on M; 

(a) the complex line bundles S on M satisfying S ® S = T{M); 
(Hi) the theta characteristics on M; 
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(iv) the classes of non-identically-zero meromorphic differentials on M whose zeros 
and poles have even orders, under the equivalence 

(fi-i /(fio = h'^ for some mero 
morphic function h on. M. 

Proof, (i) <^=^ (a): Given a line bundle S on M satisfying S®S = T{M), 5" is a spin 
structure with mapping n : S — > S (E) S defined by ^{s) = s ® s. Conversely, given 
a spin structure S on M, the map /j{s) i-^ s s is well-defined and a vector-bundle 
isomorphism, so T[M) is isomorphic to S ® S. 

(a) <^=^ (Hi): Via the natural correspondence between the line bundles on 
M with the divisor classes, this set of line bundles is bijective with with the theta 
characteristics. 

(Hi) <^==^ (iv): Again, there is a natural bijection between the meromorphic 
differentials with zeros and poles of even orders and the theta characteristics. Given 
such a differential </?, the corresponding theta characteristic is \{(p). Moreover, two 
such differentials correspond to theta characteristics in the same linear equivalence 
class if and only if their ratio is the square of a meromorphic function on M. For 

□ 

The spin structures on a compact Riemann surface are also bijective with the 
various translates of the theta functions on the surface (see [21] for the definition 

8 Spin structures on hyperelliptic Riemann sur- 
faces 

In the special case of a hyperelliptic Riemann surface, the spin structures and their 
corresponding quadratic forms are computed explicitly. 

Theorem 8. Let 

M = {[xi, X2, xs] e I xlxl'-' = UiiVi^i - a^^a) } 

be a hyperelliptic Riemann surface of genus g, where A = {ai, . . . , 02^+1} <Z C is a 
set of 2g distinct points. Let z — Xi/x^ and w — X2/X3. For each subset B C. A, 
define 

fsiz) = Y[{z -a) and tjb = fB{z)dz/w. 

Then 
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(i) Any differential rjB represents a spin structure in the sense of Theorem 7. 
(a) The set of 2"^^ meromorphic differentials 

{rjB\BCA,ffB<g} 

represent the 2^^ distinct spin structures on M. 
(Hi) With q the quadratic form corresponding to tib, let j be a curve in M whose 
projection to the z-plane is a Jordan curve which avoids oo and A, and let 
C C. A be the set of branch points which lie in the region enclosed by ^ (so #C 
is even). Then 

g([7]) = #(5nC) + i#C (mod 2). 
(iv) With r}B and q as in (Hi), 



Ariq 




2g-2^B + l = ±1 (mods), 
2g - 24B + 1 = ±3 (mods). 



Proof of (i). Let Pi — Pai = [a-i, 0, 1] and Poo = [0, 1, 0] be the branch points of the 
two-sheeted cover z : M — )• CP^. Then the divisor oi r]B is 

2L-#5-l)Poo+E^aV 

V aGB / 

Since this divisor is even, the differential represents a spin structure by Theorem 7. 
Proof of (a). Note that there are differentials in the (r+l)*^ row, totahng 

ELo {^'r') = 2'^. All but those in the last row are holomorphic. 

In order to prove that these differentials represent distinct spin structures, we 
first compute the relations on the divisors of the form J2 kiPi + kooPoo- Two such 
divisors are equivalent if and only if there is a meromorphic function M whose divisor 
is their difference. Since the functions w and z — ai have respective divisors 

[W) = Pi + --- + P2,+l-(2^+l)Poo, 

{z-ai) = 2P,-2Poo, 
we have the independent relations 

Pl + --- + P2g+l = (2^+l)Poo, 

2Pi = 2Poo {i = l,...,2g + l). 

To show that there are no other relations independent of these, let X] kiPi + kooPoo = 
be a relation. Then J2ki = k^o, and by the relations above, we may assume each ki is 
or 1. Hence the general relation may be assumed to be of the form D — dPoo = 0, 
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where D is a sum of distinct Pj G A, and d = #-D. Let h he a function with divisor 
D — dPao- Since the only pole of h is at P^o, h is a polynomial in z and w, so there 
are polynomial functions /i and /2 of z such that 

h{z,w) = fi{z) +wf2{z). 

Then 

2g + l>d = - ordp^ ^ = - ordp^ (/i + w/2) > - ordp^ w/2 = deg f2 + 2g + 1. 

Thus d = 2g + 1. and D = Pi + ■ ■ ■ + P2g+i, so no new relation can exist. 

We want to show that 77^^ and 77^2 represent identical spin structures if and only 
if Bi — B2 or Bi = B2, where the prime notation C designates the complement A\C 
in A. If Bi — B2, then this is clear; if Bi — B^, then rjBi/VBi — {f2/wY is a square of 
a meromorphic function on M, and so 77^^ and 77^2 represent the same spin structure 
by Theorem 7. 

Conversely, suppose that TjB-^ and 'qs^ represent the same spin structure. Then 
by Theorem 7, tib.Jvbi = h'^ for some meromorpic function h on M. But 

2{h) = {h^) = {vbJvb,) = 2{{d2 - (ii)Poo + D2- Di), 

where Di = EaeB^ Pa, ^2 = EaeSa ^a, di = and (ia = #P2- So (c?2 - di)Poo + 

D2 — Di = 0. By the relations (8), this divisor is equivalent to J2aeBioB2 Pa ~ "^{Bi ° 
B2)Poo, where Bi o P2 is the symmetric difference (Pi U P2) \ (Pi n P2). Since the 
relations (8) generate all such relations, it follows that Pi o P2 is either or ^4, that 
is that Pi = P2 or Pi = P^. 

Proof of (in). It follows from the definition of q that ^'([7]) is the degree (mod 
2) of the map f{z)/w thought of as a map from the curve 7 on M to C \ {0}. Let 
h=(f/wf. Then 

deg h = ^ ordp h + ^ ordp h, 

h{p)=0 h{p)=oo 

the sums being restricted to points within 7. This computes to 

deg h = #{BnC)- #(P UC) = 2(#(P nc)- 
which shows that 

g([7])=#(PnC) + i#C (mod2). 

Proof of (iv). In order to compute Arfg, we first compute J2q{(^), where a 
ranges over Pi(M, Z2). Correspondingly, the set of branch points C in the region 
enclosed by a range over the subsets of A of even cardinality. Hence Z^Q'(q;) is the 
number of such subsets for which q{a) — 1, that is, for which 

#(P n C) - #(P' n C) = 2 (mod 4). 
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The set of such subsets is 

{RUS \ RC B,S C B',#R-i^S = 2 (mod 4)}. 
The cardinahty of this set is 



where b = i^B, b' = i^B', and the sum is over i and j with i — j = 2 (mod 4). 
To compute this sum, define 



«c..)^g(J). 

Then 

Using a fact about Pascal's triangle 

e(c, A;) = 2('=-2)/2 (2('=-2)/2 + cos f (c - 2A;)) , 



we have 

E ?(«) = 2(^^-3)/2 ^ (2(''-2)/2 + COS f (6 - 2p)) (2('''-2)/2 + cos f (6' - 2p)) 



3 

z 

p=0 



= 2^-1 1^2^ - cos f (& - 2p) cos f (6' - 2p) 

^ 2^-^ (2^ - V2cos 1(25 - 26 + 1)) 

_f 2^-1(23-1) if 2^- 2& + 1 = ±1 (mods), 
- I 29-1(2^ + 1) if 2^-26+1 = ±3 (mods). 

Since (-1)* = 1 - 2i for i = or 1, 
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is +1 or —1 according as 2g — 2b + lis ±1 or ±3 (mod 8). □ 

As an example, we compute the values of q for the four spin structures on 
a Riemann torus T. Let C/{2uji,2u3} = Jac (T) be the Jacobian for T, and let 
Ci — p(<^i), <^2 = (^1 + <^3- Then (p{u) = {p{u),p'{u)) maps the Jacobian to the 
Riemann surface M defined by w"^ — A{z — e]){z — 62) (-z — 63). The differentials as in 
(ii) of the above theorem pull back to 

du — ip*{dz/w), 
{p{u)-ei)du = ip*{{z - ei)dz/w). 

With ctj the generator of Hi (T, Z2) defined by 

ctj : [0, 1] — > Jac(T), ai{t) = 2tuJi, 

the values of q and Arf q are tabulated. 

Table 1: Values of q and Arfg for spin structures on tori 



V 


5.(0) 


g^(ai) 






Arfg^ 


du 





1 


1 


1 


-1 


{p{u) - ei)du 





1 








+1 


{p{u) - e2)du 








1 





+1 


{p{u) - e^)du 











1 


+1 



An immersion corresponding to q for which Arfg = +1 is regularly homotopic 
to the torus standardly embedded in M^. The value Arfg = —1 corresponds to 
the twisted torus, which can be realized as the "diagonal" double covering of the 
standardly embedded torus as shown, but is not regularly homotopic to an embedding. 




Figure 4: The twisted torus 
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9 Group action on spinors 

The largest linear group acting on Q is the "linear conformal group" 

C* X S0(3,C). 

The orbit of an immersion into Q under this action is an 8-real-dimensional family of 
immersions (which action, however, will not respect the vanishing of periods — see 
section 10). The subgroup 

R+ X S0(3,M) 

is the group of similarity transformations of Euclidean 3-space. Hence the homoge- 
neous space 

(9.6) (C* X S0(3,C)) /(R+ X S0(3,]R)) ^ x (S0(3, C)/S0(3, K)) . 

is the 4-real- dimensional parameter space of non-similar surfaces in the above orbit. 

The factor gives rise to the well-known "associate family" of minimal surfaces, 
which are locally isometric and share a common Gauss map. The other factor has a 
simple (though apparantly less known) geometric interpretation as well. The Gauss 
map is the ratio of two spinors, so SO (3, C) = PSL(2, C) acts on the Gauss map via 
post-composition with a fractional linear transformation of 5*^; indeed, the quotient 
by SO (3, M) = PSU(2) leaves the hyperbolic three-space H^, so the second factor can 
be thought of as the non-rigid Mobius deformations of the Gauss map. 

The above observations are justified by the following well-known fact (see, for 
example, [8], [25]). 

Theorem 9. There is a unique two-fold covering homomorphism 

T:GL(2,C) — ^C*xS0(3,C) 
such that for any A e GL(2, C), 

(9.7) T{A)a = aA, 

where a : — > Q is as in equation (4-5), and A and T(A) act by left multiplication 
on and Q respectively. Moreover, T is a two-fold covering homomorphism when 
restricted to the following groups: 

T : GL(2,C) — ^ C* X S0(3,C), 
T: SL(2,C) — ^S0(3,C), 
T : M* X SU(2) — ^ M+ x S0(3,M), 
T : SU(2) — > S0(3,M). 
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Proof. We define T and omit many of the calculations. may be identified with the 
set r of traceless 2x2 complex matrices via 

/ . f X3 -Xi +iX2\ ^ 

{Xi,X2,X3) < > . ] = 

\ -Xi - 1X2 -Xz J 

with the subset C identified with = {X e T | X = X*} The inner product 
on becomes 

(X,y)=E?a;,y, = itrXy, 

and 

{X,X) = l-tiX^ = -detX, 

so (5 C is identified with 

Tq = {X e r I detX = 0}. 
Similarly, may be identified with the set A of matrices of the form 

( Xx Xx\ 
\ X2 X2 I ' 



The map a : — * Q becomes under these identifications a : A — * Tq given by 

-1 

1 



o-{X) — XKX', where K — i ^ ^ ) , and X' denotes the classical adjoint 



a b \ _ d -b\ 
y c d J \ ~c a J 

satisfying XX' = X'X = (detX)/ and (XY)' = Y'X'. 

Then in order to satisfy equation (9.7), T must be defined, for X e F, by 

T{A)X = AX A'. 

It follows that T{A) is linear and maps F to itself, and that T : GL(2, C) — > GL(3, C) 
is a homomorphism with kernel {±/}. That T maps into the four groups listed follows 
from the equation 

{T{A)X,T{A)Y) = {det Ay{X,Y) 
and the fact that r(A)(F^) = F^ for A e R* x SU(2). □ 

Lifting the group action on Q to an action on \ {0} via T, the homogeneous 
space in equation (9.6) can also be written 

(9.8) (GL(2, C)) / (M* X SU(2)) ^ x (SL(2, C)/SU(2)) ^ x H^, 
where is hyperbohc three-space. 
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10 Periods 

Given an immersion X : M — > R^, the period around a simple closed curve ^ G M 
is the vector in 

/ dX. 

If the real part of a period is not (0, 0, 0), the resulting surface is periodic and does 
not have finite total curvature. It is a considerable problem to "kill the periods" — 
that is, choose parameters so that the integrals around every simple closed curve in 
M generates purely imaginary period vectors. Non-zero periods can arise along two 
kinds of simple closed curves: 

• a simple closed curve around an end p E M, 

• a non-trivial simple closed curve in Hi{M, Z). 
For a simple closed curve 7 around an end p & M, 

dX = 2m resp dX. 

This integral is zero at embedded planar ends. 

Using the spinor representation, the condition that a period along a closed curve 
7 C M be pure imaginary can be expressed by 

J (s? - si, i{sl + si), 2S1S2) e ^]R^ 

equivalent to 



Si = / S2 



10.9) 



'7 

These equations are preserved by the group M* x SU(2) of homotheties. 



11 Spin structures and nonorientable surfaces 

To deal with immersions of a nonorientable manifold M into space, we pass to the 
oriented two-fold cover of M. The following rather technical results are required in 
Part III. Without proof we state: 

Lemma 10. Let 

A : S"^ — ^ be the antipodal map, 

A, : T{S'^) — ^ T{S^) the derivative of A, 

A, : Spin(52) — ^ Spin(52) one of the lifts of A to Spm{S^) . 
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Then in the coordinates of section 5 we have 



-A* 



Conj, 



± 



i 
-i 



o Conj. 



The lifts of the antipodal maps are shown in Figure 5. 



Spin(52) ^* , Spin(52) 



A 



Figure 5: Lifts of the antipodal map 

Theorem 11. Let M be a nonorientable Riemann surface, and X : M — > M.^ a 
conformal minimal immersion of M into space. 

Let TT : M — > M be an oriented double cover of M , and X = X o ti the lift of 
X to this cover. Let I : M — > M the order-two deck transformation for the cover. 
With oj = dX , and in the notation of Lemma 10, we have 
(i) gl = Ag, 

(Hi) a)/* = ±A*a). 

Proof. Since X is the lift of X, we have that X — XI. Hence Re a; = Re dX — 
dX — dXI^ — Re cul^. Since X is a conformal minimal immersion, cu is holomorphic. 
Hence u and a;/* arc cither equal or conjugate. But /* is orientation reversing, so 
they are conjugate and a;/* —uJ — A^lu, proving (ii). 
From 

gliTi = guih = T^s^I* = TT^A^:^ = Ati^u) = Agui 
and the surjectivity of tti, (ii) follows. Similarly, from 

era)/* = uj'K'iI* — ojI^'K'i — A^uj'K'2. — A^acu — aA^uj 



(iii) follows. 



□ 
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Wc remark that the proper treatment of nonorientable surfaces should really be 
via "pin" structures (Pin(n) being the corresponding two-sheeted covering group of 
0(n)), and that in this case we should have an analytic formula for the full Zg-valued 
Arf invariant of the associated Z4- valued quadratic form on H^[M, Z2). 
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Part II 



Minimal Immersions with Embedded Planar Ends 

12 Embedded planar ends 

The first section of tliis part of our paper discusses the behavior of a minimal immer- 
sion at an embedded planar end. Lemma 12 translates this geometric behavior to a 
necessary and sufficient algebraic condition on the order and residue of the immer- 
sion at the end. Arising naturally from this algebraic condition is a certain vector 
subspace JC of holomorphic spin- vector fields (sections of a spin structure) which gen- 
erates all minimal surfaces with embedded planar ends (Theorem 15). More precisely, 
two sections chosen from /C form the spinor representation of a minimal surface, and 
conversely, any such surface must arise this way. However, such a surface is usually 
periodic, and possibly a branched immersion. In order to compute /C explicitly, a 
skew-symmetric bilinear form O is next defined (Definition 16) whose kernel is closely 
related to the space IC. In Part III, this form is used to prove existence and non- 
existence theorems for a variety of examples. 

13 Algebraic characterization of embedded pla- 
nar ends 

The geometric condition that an end of a minimal immersion be embedded and planar 
can be translated to algebraic conditions (see for example [4]). Let X : D\{p} — > 
be a conformal minimal immersion of an open disk D punctured at p such that 
limq^p|X(g)| = oo. The image under X of a small neighborhood of p (and by 
association, p itself) is what we shall refer to as an end. The behavior of the end is 
determined by the residues and the orders of the poles of dX at p as follows. 
Let ipi, ■02, "03 be defined by 



The Gauss map for this immersion (see [22]) is 

9 = 03/01 = 02/03- 

First note that for X to be well-defined, we must have for any closed curve 7, 
which winds k times around p, 



9X= (01-02, i(01 + 02), 203). 
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and so reSpdX must be real. Assume this, and assume initially that the limiting 
normal to the end is upward (that is g{p) — oo). In this case, 



so the first two coordinates of X{q) grow faster than does the third as g — > p. 
It follows that ordpV'2 cannot be —1, because if it were then 



would not be real. Hence ordp^2 < —2. The image under X of a small closed curve 
around p is a large curve which winds around the end | ordp'02| ~ 1 times. The end 
is embedded precisely when ordp-?/'2 = —2. 

If an end is embedded, its behavior is determined by the vanishing or non- 
vanishing of the residues of dX. For an embedded end, —2— ordpV'2 < ordp^'s, 
so ips has either a simple pole or no pole. If ips has a simple pole (and hence also 
a residue), the end grows logarithmically relative to its horizontal radius and is a 
catenoid end. If ip^ has no pole, the end is asymptotic to a horizontal plane and is 
called a planar end. Moreover, in this latter ijj2 must vanish (again, if it did 

not, reSpdX would not be real), and so reSpdX — (0, 0, 0). 

For an end in general position the same conclusions hold, because a real rotation 
affects neither ordp dX nor the reality or vanishing of reSp dX. In summary, we have 

Lemma 12. LetX : D\{p} — >■ IR^ be a conformal minimal immersion of a punctured 
disk. Then p is an embedded planar end if and only if 



where ordpdX denotes the minimum order at p of the three coordinates ofdX. 



14 Embedded planar ends and spinors 

The conditions in the lemma above can be translated into conditions on the spinor 
representation of the minimal immersion. This leads to the definition of a space K. of 
spin- vector fields, pairs of which form the spinor representation satisfying the required 
conditions. 

Throughout the rest of Part II, the following notation is fixed: 



ordpV2 < ordpVa < ordpVi, 



reSp dX = (— reSp ip2 , i reSp , 0) 



ordp dX = — 2 and reSp dX = 0, 




M is a compact Riemann surface, 
5 is a spin structure on M, 

P — [pi] + • • • + [Pn] is a divisor of n distinct points. 
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The points pi, . . . . p„ will eventually be the ends of a minimal immersion of M whose 
spinor representation will be a pair of sections of S. 

Let H^{M,0{S)) and H^{M, M.{S)) denote respectively the vector spaces of 
holomorphic and meromorphic sections of S. Define 

:F = J^M,s,p = {se H\M,M{S)) I {s) > -P} 
(14.11) n^HM,s =H\M,0{S)) 

K, — )Cm,s,p — ^ ^ \ ordp s 7^ and reSp = for all p e supp P}. 



Theorem 13. Let X : M — > be a minimal immersion with spinor representa- 
tion (si, S2) ■ Then p E M is an embedded planar end if and only if Si, S2 G /C and at 
least one of Si, S2 has a pole at p. 

Proof. By Lemma 12, p is an embedded planar end if and only if 

or dp dX — —2 and reSp dX — 0. 

The first of these equations is equivalent to the condition 

si, S2 e and at least one of si, S2 has a pole at p. 

Given this, the conditions ordpSi 7^ 0, ordpS2 7^ in the definition of /C follow 
because if one were 0, the other would be —1, giving S1S2 a nonvanishing residue. 
It remains only to show that for Si, S2 G ^, 

reSp si — 0, resp S2 = =^ reSp S1S2 = 0. 

This is an application of the following lemma. □ 



Lemma 14. Let S be a spin structure on a closed Riemann surface M , and let Si, S2 
be meromorphic sections of S with ordpSi > —1, ordpS2 > —1 for somep e M. Then 



2 reSpSiS2 



reSpS^ + ^ reSps| if ordpSi = ordpS2, 

if |ordpSi — ordpS2| > 2. 



Proof. With z a complex coordinate near p satisfying z{p) = 0, let <^ be a section of 
S satisfying (p'^ — dz. Also let 

si = (^-^ + ao + . . ^ (p, 

(^-^ u \ 
S2 = I — + 60 + . . . I </? 
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be the expansions of Si and S2- Then 



resp Si = 2a_iao, 
rcSp si ~ 26_i6o, 
reSpSiS2 = a-ibo + aob-i. 

In case ordpSi = ordpS2, then either a_i ^ 0, b-i ^ 0, so that 



£2 
Sl 



Sl 
S2 



— (2a_iao) + ^(26_i6o) 

CL—i O—i 

= 2(6_iao + a-i&o) 
= 2reSpSiS2, 



or a_i = 6_i = 0, and the three residues vanish. 

In case | ordpSi — ordpS2| > 2, then a_i = Oq 



or b^i — bo — 0, so again the 



three residues vanish. So in each case the formula is verified. 



□ 



15 and JC as vector spaces 

The following theorem develops some of the properties of the spaces and /C. The 
most important of these is that /C is in fact a vector space. In this section we write 
K for the holomorphic cotangent bundle (that is, the canonical line bundle) of M. 

Theorem 15. With M, P, and S as in equation (14-10), and T , H., and K, as in 
equation (14-11), let g = genus (M) andn — degP. Then 
(i) if n> g, then dimjF = n; 

(a) K, and Ti are subspaces of J-'; 

(Hi) if n> g, then K. HH — 0. 

Proof of (i): The dimension of JF can be computed by means of the Riemann-Roch 
theorem (see, for example, [10]) which states 

dim H\M, L) - dim //°(M, K ® L*) ^ degL - g + I 

for an arbitrary line bundle L. Let R be the line bundle corresponding to the divisor 
P, and \ei L = S®R. Then: 

• H^{M, L) = ^ by the isomorphism s (g) r i— > s, where r is a section of R with 
divisor P; 

• H^{M,K ® L*) = 0, since deg{K ® L*) = g — 1 — n, which is negative by 
hypothesis; 



26 



Kusner and Schmitt 



• deg L — g + 1 = n; 

from which it follows that 



dim :r = dim H^M, L) = n. 



Proof of (a): 7i is a. subspace by definition. To show that /C C ^ is a 

subspace, let s e /C and p E P, let z be a conformal coordinate near p with z(p) — 0, 
and let </? be a section of S which satisfies </7^ = dz. Let 



a_i 

h ao + . . . I </? 



be the expansion of s. Then 



so that 
and 



reSp = <^=^ a_i = or oq = 



ordp 7^ <^=^ a_i 7^ or oq = 0. 
Together, these two conditions are equivalent to the condition 

oo = 0. 

Thus 

fl5 11) s G AT constant term in the expansion of s van- 

^ ' ' ishes at each p G P. 

/C is a vector space because if Si, S2 satisfy condition (15.11), then so does any C-linear 
combination of Si and S2- 

Proof of (Hi): Let s G /C fl be a section which is not identically zero. Since 
s G /C, we have that or dp s 7^ for all p G supp P — that is, at each such p, s has 
either a pole or a zero. But since s G 7i, s cannot have a pole at p, and hence has a 
zero, so (s) > P. Conversely, if (s) > P, then s G /C n 7Y, so 

Knn^ {s e \ {s) > P}. 

Thus for s G /C n ?i not identically zero, 

n < deg s — g — 1. 

Hence iin>g, then /C n 7i = 0. □ 
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16 A bilinear form Q which kills JC 



In order to understand the vector space K. more explicitly, a skew-symmetric bilinear 
form Q is defined whose kernel contains JC. This form may then be used in many 
cases to compute /C, and thereby moduli spaces of minimal surfaces with embedded 
planar ends. 

Definition 16. With M, P, and S as in equation (U-IO) define 9, = flM,p,s ■ 
T y.T — ^Chy 



where 



r 1 

2 



reSpSj if — does not have a pole at p, 

p ^1 



res„SiS2 if — has a pole at p. 

Sl 



The form Q can be computed as follows: for p & P, let ^ be a conformal coordinate 
near p with z{p) = 0, let ip^ = dz, and let 



S2 = 



z 
z 



+ 00 + 



+ bo + ...](p 



be the expansions of si and S2- Then 

(16.12) C(p;si,S2) = fe-ioo- 



Theorem 17. With H, K, as in equation (14-11), 9 satisfies the following: 

(i) VL is a skew-symmetric bilinear form on T; 

(ii) kcr 1] ^ /C + H; 

(zzz) iflCnn = 0, then ker 1] = /C © H; 

(iv) ifn = degP> genus (M), then kei fl = IC^H. 

Proof of (i): For a given si, S2 £ let 

Pq = {zeros of S2/S1} n P, 
Poo — {poles of S2/S1} n P, 

Pl = P\(PoUPoo), 
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so that Po, Poo, Pi are disjoint and their union is P. Then 
(16.13) n{si,S2) 



pePi 



S2_ 
Si 

Si 
S2 



res 



p 



■psl+ reSpSiS2, 

pePoo 



reSpS2+ ^ reSpSiS2- 
pePo 



Adding the above two equations, and using the lemma in section 14 yields 

^{si, S2) + ^is2, Si) = 2J2 I'esp S1S2, 

peP 

which vanishes by the residue theorem, since all poles of S1S2 are in P. 

Proof of (a): To show that that K, C kerJl, let si e /C, so that reSpsf = 
and ordpSi ^ for all p E P. Let S2 £ be arbitrary, so that ordpS2 > — 1. 
Referring to equation (16.13), the first sum is zero because reSpS^ = at each p E P 
by hypothesis. To show that each term in the second sum is zero, let p e Pqo so that 
ordpSi/s2 > 1- Then 

ordpSi = ordpS2 + ordpSi/s2 > 0. 
But ordpSi 7^ 0, so ordpSi > 1. Then 

ordpSiS2 = ordpSi + ordpS2 > 0, 

so resp S1S2 = 0. 

To show that Ti, C ker Q, let si e V,, so that s\ has no poles, and let S2 E T 
be arbitrary. Then the first sum in equation (16.13) is zero because s\ has no poles. 
The second sum is zero by the residue theorem — to show that all poles of S\S2 are 
in Poo, note that 

ordpSiS2 = ordpSi + ordpS2 > — ordpSi + ordpS2 = ordpS2/si. 

So if S1S2 has a pole at p, then so does S2I s\\ this puts p e Poo- 

Proof of (in): Q can be "factored" as the composition of two maps as follows: 
near each point in supp P = {pi, . . . ,Pn}, choose a conformal coordinate Zi with 
Zi{pi) = 0. Let ip he a section of S satisfying 9?^ = dz, and let 



s — 



+ ai + 



be the expansion of s at pj. Define maps A, B : — 

A{s) = (rii, . . . ,a„), 
B{s) = (61,..., M- 



C" by 



The Spinor Representation of Minimal Surfaces 



29 



By the local computation of equation (16.12), Q = B*A = —A*B. or with a choice 
of basis for JF, f2 = B'^A = —A^B as matrices. (Note that while Q is independent of 
the choice of coordinates, A and B are not.) Moreover, we have 



ker A — )C and ker B — H; 

the first is by equation (15.11), and the second is immediate from the definition of 
H. (This incidentally provides another proof of (ii).) 

Now let A — A\i^erB*A and note that 

ker A = (ker A n ker B*A) = ker A 

and 

image A — A{ker B*A) — image A fl ker B*. 
Applying the rank-nullity theorem to A, 

dim ker f2 = dim ker 5* A 

= dim ker A + dim image A 

= dim ker A + dim( image A fl ker B*) 

< dim ker A + dim ker B. 

So under the assumption that /C fl 7i = 0, 

dim ker Q < dim ker A + dim ker B — dim /C + dim H — dim K, ®Ti. 

But ker Q D /C © 7Y, so ker = /C © proving (iii). 

Part (iv) follows directly from (iii) above and Theorem 15(iii). □ 
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Part III 

Classification and Examples 

17 Genus zero 

In the first half of Part III, the skew-symmetric form fl developed in Part II is used 
to investigate minimal genus zero surfaces with embedded planar ends. The first 
two sections demonstrate the non-existence of examples with 2, 3, 5, or 7 ends, and 
the dimension of the moduli space of examples with 4, 6, 8, 10, 12 and 14 ends is 
computed. The following three sections compute explicitly the moduli spaces for the 
families with 4 and 6 ends, and in section 23, the moduli space of the three-ended 
projective planes is investigated. The remaining sections (following the heading Genus 
one) of Part III are devoted to constructing minimal tori and Klein bottles. All of 
these surfaces are found (or shown not to exist) by the following general method: 
after computing Q on a simple basis, its pfaffian, which is a function of the ends, 
is set to zero. The resulting condition on the placement of the ends — that is, the 
determinantal variety — together with further conditions arising from the demand 
that the immersion have no periods and no branch points, forms a set of equations 
whose simultaneous solution (or impossibility of solution) gives the desired result. 

18 Existence and non-existence of genus zero sur- 
faces 

The non-existence of genus zero minimal unbranched immersions with 3, 5 or 7 em- 
bedded planar ends was first proved in a case-by-case manner in [3]. The following is 
a new proof, using the ideas of Section 12. 

Theorem 18. There are no complete minimal branched or unbranched immersions 
of a punctured sphere into space with finite total curvature and 2, 3, 5, or 7 embedded 
planar ends. There exist unbranched examples with A, 6, and any n > 8 ends. 

Proof. Examples with 2p ends {p > 2) are given in [14], and with 2p+l ends {p > 4) 
in [23]. For the cases n = 3, 5, or 7, by the lemma below, 2 < dim/C < [y^ < 2 
(here [q] denotes the greatest integer less than or equal to q), so dim/C = 2, which 
contradicts the other statement of the lemma that n — dim /C is even. The case n — 2 
is proved in [14] (or is proved likewise by the lemma). □ 

We remark that there is also a simple topological proof of the non-existence 
of genus zero examples with 3 ends, using ideas in [13] and [15]. The trick is to 
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exploit the S0(3, C)-action discussed in section 9 to deform the Ganss map — on 
a punctured sphere with planar ends there is no period obstruction to doing this 

— so that the compactified S"^ is transversally immersed with a unique triple-point, 
which is impossible. (By carefully treating the periods introduced by this explicit 
SO (3, C) deformation of the Gauss map, the same kind of argument should generalize 
to exclude orientable minimal surfaces of any genus with three embedded planar ends 

— see section 27 for a proof in the case of tori.) 

Lemma 19. Let P be a divisor on the Riemann sphere as in equation (14-10) 
with n — degP > 2, and let K, — ]Cs^,s,p be as in equation (14- 11)- Then 

(i) n — dim/C is even; 

(ii) If there exists a complete branched or unbranched minimal immersion of S"^ into 
space with finite total curvature and n embedded planar ends m supp {P), then 
2 < dim/C < y/n. 

Proof of (i): By Theorem 17, keiVt = /C © 7i. But 7i = because there are no 
holomorphic differentials on the sphere, so kerQ = K,. Since Vt is skew-symmetric, 
rank Q^ — n — dim K, is even (see Appendix A) . 

Proof of (ii): The sections Si and S2 in the spinor representation (<Si,S2) of 
such a surface are independent, showing the inequality 2 < dim/C. To show the 
other inequality, let z be the standard conformal coordinate on 5^ = C U {cxd}, and 
let P = Y^[ai\ (where the Oj e C are distinct) be the divisor of the n ends. Let 
9ir], ...,gmV^e^ basis for /C, where r/^ = dz. Define / : 5^ ^ CP^ — > CP"""^ by 

/ = {gi, ■ ■ ■,gm)- 

Then / is well-defined and holomorphic even at the common zeros and the common 
poles of Let 

h{z) = U{z - tti). 

It follows from 

(hgi) = (h) + (77) + [giT]) >{P- n[oo]) + [00] - P = -{n - l)[oo] 

that 

do = deg / < n - 1. 

To show that / ramifies at each a e supp P, let hi{z) = {z — a)gi{z). Then 
hi does not have a pole at a. Moreover, since by hypothesis there exists a minimal 
surface with ends at supp P, at least one of the gi has a pole at a, so the hi cannot 
all be zero at a. Hence the appropriate condition that / ramify at a is 



{hih'^ - h%) 



— for all i, j. 

a 
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This is satisfied because of the condition (15.11) defining /C: the expansion of gi at a 

is ^ 

Qi = — — + o{z-a), 
z — a 

so the expansion of hi at a is 

hi = Ci + o{z - of, 
and so h[{a) — for all i. Since / ramifies at each a e supp P, we have 

To = ramification index of / >n. 



in C™ 



Now let /fc : CP^ — > ^{h^+'^C"') defined by = f A f A ... A /(^) 
be the A;^^ associated curve of f , and use the Pliicker formulas (an extension of the 
Riemann-Hurwitz formula — see [9]) which on CP^ are 

—dk-i + '^dk — dfe+i — 2 = Tfe, 

where d^ is the degree of fk, andr^ is the ramification index of fk- In the table below, 
multiplying the numbers on the left by the inequalities on the right and adding yields 

do > {m + n) (m — 1)/ m. 

But n — 1 > do, so it follows that n > m^. □ 



Table 2: Values for the Pliicker formulas 



m — 1 
m-2 

2 
1 



-do + 



2do ~ 
2di - 



di -2 
d2 -2 



'dm~A "I" '^djji^^ 
'dm-3 + '^dm-2 



d, 



m-2 



2 
2 



ro > n 

n > 

Tm-I, > 
rm-2 > 



19 Moduli spaces of genus zero minimal surfaces 

The following two theorems deal with the moduli spaces of genus zero examples. 

Theorem 20. Let P be a divisor on S"^ as in equation (14-10) and )C = ICs2^s,p 
as in equation (14-11) with m — dim/C > 2. Then the space of complete minimal 
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branched immersions of into M'^ with finite total curvature and embedded planar 
ends at supp P is the complex 2(m — 1)- dimensional space Gr^2(C) x {S^ x H^). 

Proof. Each point of the Grassmanian Gr^^2(C) represents a two-dimensional sub- 
space of JC. Each such subspace generates the space x oi branched immersions 



Theorem 21. For eachp > 2 there exists a real A{p — 1)- dimensional family of min- 
imal branched immersions of spheres punctured at 2p points with finite total curvature 
and embedded planar ends. For 2 < p < 7, the moduli space of such immersions is 
exactly 4(p — 1)- dimensional. 

Proof. Let P — X^fa,] be a divisor of degree 2p on S'^, and S the unique spin structure 
on S'^. Let Ti and K, be as in equation (14.11). Then pfaffianQ = (see Appendix 
A) if and only if dim/C > 2 if and only if there exists a surface with 2p ends at 
supp P. Counting real dimensions, the space of 2p ends is 4p-dimensional; the Mobius 
transformations of S'^ reduce the dimension by 6, and the pfaffian condition on the 
ends reduce the dimension by another 2, so the space of ends which admit surfaces 
is (4p — 8)-dimensional. For each admissible choice of ends, by the above theorem 
there is a real (4 dim/C — 4)-dimcnsional space of surfaces. Altogether, this totals 
4p + 4 dim /C — 12, which is at least Ap — A since dim /C > 2. 

In the case that 2 < p < 7, by Lemma 19, 2 < dim/C < [^/2p\ < [y/U] = 3, so 
dim/C, being even, must be exactly 2. □ 



20 Q on the Riemann sphere 

For the examples in sections 21-23 we need to compute Q on the Riemann sphere. Let 
z be the standard conformal coordinate on = C U {oo}, and let = dz represent 
the unique spin structure on S"^. Let P = [ai] + . . . + [a„_i] + [oo] with the G C 
distinct. We have H — since there are no holomorphic differentials on the sphere. 
A basis for is 



(equation (9.8)). 



□ 




These sections are in since 



[oo], {ti) 
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and are independent because they have distinct poles, and so are a basis for since 
dim^ = n. By the local calculation (16.12) for fl, 



ttj — tti 



-1 

1 





{l<i<n-l- l<j<n-l; i ^ j), 

(1 < i < n — 1; j = n), 
{i = n; I < j < n — 1), 



21 Genus zero surfaces with four embedded pla- 
nar ends 

The family of minimal genus zero surfaces with four embedded planar ends was com- 
puted first in [2]. A different computation is included here for completeness. 

Theorem 22. The space E4 of complete minimal immersions of spheres punctured 
at four points into space with finite total curvature and embedded planar ends is x 

Proof. Let z be the standard conformal coordinate on 5*^ = C U {00}. By a Mobius 
transformation of the Riemann sphere S^, the ends can be normalized so that two of 
the ends are and 00 and the product of the other two is 1. Naming the normalized 
ends 

{ai = a, 02 = 1/a, 0, 00}, 

the matrix for fl in the basis 



.z — ai z — a2 z 



IS 



V 






1 


_ 


-1 \ 


02—01 


01 


1 





_ J_ 


-1 


L— 02 




02 






J_ 





-1 




02 






1 


1 


1 






(see section 20). The pfaffian of fl (see Appendix A) computes to a nonzero multiple 
of 

(a^ - VSa + l){a^ + VSa + 1). 
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This pfaffian must be zero in order for kciQ = /C to be at least two-dimensional 
and hence to generate surfaces. Setting this pfaffian to zero yields interchangeable 
solutions for a, one of which is 

a = {V3 + i)/2. 

With = dz as usual, a basis for )C is 

^ f VSz-l \ , ^ ( z{z-VS) \ 

W> and t2 = — 7= </?, 



\z{z^ - VSz + 1) J \z'^-V3z + l 

the family of immersions is then given by X = Re F, where 



and 



S2 \ t2 



where Q E C* x SL(2,C). The surfaces are identical (up to a rotation or dilation 
in space) when Q & M* x SU(2). Thus a parameter space for this family of surfaces 
is X (see section 9). That these surfaces are immersed is shown in the next 
section. □ 



22 Genus zero surfaces with six embedded planar 
ends 

Herein is computed the family of minimal genus zero surfaces with six embedded 
planar ends. 

Theorem 23. The space of complete minimal immersions of spheres punctured 
at six points into space with finite total curvature and embedded planar ends is V x 
(S^ X H^), where V is an algebraic subvariety of {C¥^)^ with codimension 1. 

Proof. On the sphere S"^ = CU {oo} with standard conformal coordinate z, the ends 
can be normalized so that two of the ends are at and oo, and the product of the 
remaining four ends is 1. With this normalization, let the ends be {oi, 02, 03, 04, 0, 00}. 
Set 

C7i = ai + a2 + as + a^, 

(T2 = — (aia2 + ttia^ + 0104 + 0203 + a2Ct4 + clsC^a), 
(T3 = 0102^3 + 010204 + 010304 + 02O3O4. 
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The matrix for Q in the basis 



r 1 1 1 111 

, , , ,-,1 

Iz — ai z — a2 z — as z — z ) 



IS 



/ 

1 



1 



1 



1 



ft = 



a2—(ii CL[i—(^'i a4—ai 
n 1 1 



ai — a2 
1 



0,3— a2 04—0-2 
1 n 1 



J_ 

ai 

J_ 

a2 



01—03 02—03 

1 1 

oi— 04 02—04 03—04 





1 



03—04 03 





04 



J_ 
01 



J_ 

02 



as 



J_ 

04 





1 



V 



-1 \ 
-1 

-1 

-1 

-1 


J 



(see section 9). The pfafRan of Q (see Appendix A) is 
(22.14) pfaffian O = T1T3 + cricrg - 20, 

where 

Ti — (tI + 3(J2 and T3 — + 3(72. 
The condition that the pfaffian be defines the algebraic subvariety 

V = {((71,(72,(73) C (CP^)^ I pfaffianQ = 0} 

of codimension 1. Assuming that the pfaffian is zero, and letting ip'^ = dz, a basis for 
the kernel of Q is {^1,^2}, where 



bsz^ + &2^^ + hz + bp 
^z^yZ"^ — oxz^ — o^z'^ — a^z + 1) 

z{Oiz'^ + C2Z^ + CiZ + Co 

z'^ — a\z^ — (72^;^ — a^z + 1 



9?, 



and 



feo = CT2, Co = dsTi + 5(7i, 

61 = -(T20"3, Ci = (72ri - 2(7i(73 - 10, 

^2 = Cr2T3 - 2(71(73 - 10, C2 = -(7i(72, 

&3 = (7iT3 + 5(73, C3 = (72 
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(the special case (T2 = for which the above sections are hnearly dependent is ignored 
here) . The family of immersions is then given by 

X = Re j{sl- sl,i{sl + sl),2siS2) 

where 

and Q e C* X SL(2, C)/E* x SU(2) ^ x as in the previous section. □ 

That the four- and six-ended families are immersed follows from the lemma 
below, which in turn follows directly from the definitions of the spaces in equation 
(14.10). 

Lemma 24. On the sphere with its unique spin structure S, let Pi = Y^\pi] as 
in equation (14-10), and P2 — Pi + [a], (a ^ supp (-Pi))- Let !Fi — J-s'^,Pi,s o-i^d 
— ^s^,s,Pi {i — 1) 2) as in equation (14-11)- Then /C2 n .Fi = {s e /Ci | s{a) — 0}. 

Now, to complete the proof that the above examples are immersed, let Pi be 
the divisor of ends of even degree n < 9, and let (si, 82) be the spinor representation 
of a minimal branched immersion. Supposing this surface is not immersed, let a be a 
branch point of the surface, and set P2 = Pi + [a]. Then si and S2 are independent 
sections in /Ci and si(a) = 0, 52(0) = 0, so by the lemma, si, S2 € K.2- Applying 
Lemma 19 iii), we have that 

2 < dim/C2 < [Vn\ < 2, 
so dim/C2 = 2. This contradicts the fact that n + 1 — dim/C2 is even (Lemma 19 i)). 

23 Projective planes with three embedded planar 
ends 

It was shown in [14] that any minimal immersion of a punctured real projective plane 
with embedded ends has only planar ends, and has at least three of them. Hence those 
which are the subject of the following theorem are the examples of minimal projective 
planes with the fewest number of embedded ends. One method for determining the 
moduli space of finite total curvature minimally immersed projective planes punctured 
at three points was given in [3]. Here we provide another description of this moduli 
space using the spinor representation. Note that all these surfaces compactify to give 
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surfaces minimizing W = J H'^dA among all immersed real projective planes [13], 
with minimum energy W — 127r. 

Theorem 25. Let be the moduli space of complete minimal immersions of real 
projective planes punctured at three points with finite total curvature and embedded 
planar ends modulo Euclidean similarities. Then 

(i) lis is homeomorphic to a closed disk with one point Mq removed from the bound- 
ary; 

(a) the point Mq represents the Mobius strip with total curvature — Gtt in the sense 
that if J : M"*" — > II3 is a curve with lim(^oo7(^) = Mq, then there is a one- 
parameter family of immersions Xt parametrizing the surfaces 7(t) such that 
as t ^ 00, Xt converges uniformly on compact sets to a parametrization of the 
Mobius strip; 

(Hi) the surfaces with non-trivial symmetry groups are represented by the boundary 
of the disk, which represents a one-parameter family of surfaces which have a 
line of reflective symmetry; among these, the only surfaces with larger symmetry 
groups (other than Mq) are two surfaces which have, respectively, the symmetry 
groups %2 X ^2? o,nd D-^, the dihedral group of order 6. 

Proof of (i): The two-sheeted covering of the projective plane is the Riemann sphere 
S*^ = CU{oo}, with order-two orientation-reversing deck transformation I{z) = —1/z. 
By a motion in PSU(2) the six preimages on the sphere of three points in the projective 
plane can be normalized as in section 22 to be 

{ai,/(ai),a2,/(a2),0,oo} 

with the product of the first four equal to 1. With this choice, following the notation 
of section 22, we have 

(72 e M; (73 = -ai, T3 = Ti. 

For each choice of ends satisfying equation (22.14), up to dilations and isometrics 
of space there is a unique minimal immersion of the projective plane, whose spinor 
representation is given by \/i(ti,t2), with ti, ^2 as in section 22. For if \/i(ti,t2) is 
the spinor representation of another immersion with the same ends, then a motion 
in C* X PSL(2,C) can make ti — ti, and the compatibility condition in Theorem 11 
forces t2 — ±^1. Hence the moduli space II3 can be parametrized as a quotient space 
of 

r = {(fTi, fra) G C X M I nrg + ^1^3 - 20 = 0, a-s = -a,}, 

where ai, (72, 0-3 are the symmetric polynomials of the ends defined in section 22. The 
desired moduli space is a quotient space of F, since permutations of the ends give rise 
to the same surface. 
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Since the parameters tJi and a2 depend on the particular normahzation of the 
ends made in section 22, new parameters should be chosen, namely the three direction 
cosines of the angles between the ends 0, ai and a2, viewed as vectors in 5^ C M^. 
To convert the equation (22.14) to these new parameters let : C — S'^ C be 
inverse stereographic projection defined by 

/ 2Rea 2Ima |ap — l\ 

With the usual inner product ( , ) in R^, the direction cosines are 

1- laiP 



Ci = (0(O),0(ai)) 

C2 = (0(O),0(a2)) 



l + |ai|2' 
l-|a2p 



1 + \a2 

n - 

C3 = (0(ai),0(a2)) = 



2 ' 





(1 




kip 


0(1 




02 


P) 


(1+1 




m+ 


l«2 


+ 4Re aia2 



The above three equations may be written 



I ,2 
«1 = 



r2| 
Re aia2 



1 + Ci' 
1-C2 

I + C2' 

C3 - C1C2 

(1 + Ci)(l + C2)' 



Using the normalization of the ends above, and writing ai = 7ri, 02 = /3r2 (7 G C 
C; ri,r2 G C) yields 



r2 
7 



VI - C2 



2 _ C3 - C1C2 + ix 

Vi-c?Vi-ci' 



where 



2 -1 2 2 2 I o 
X — 1 — Ci — C2 — + ZC1C2C3. 
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To convert the determinant of equation (22.14) from the variables cti, (72, 0-3 to 
Ci, C2, C3, compute 

_ 27(-ci + 2cic| - C2C3 + ic2x) 

2(C3 - 3C1C2) 
(l-c?)(l-ci)' 

and the determinant becomes, up to a non-zero multiple, 

{cl + 3){cl + 3){cl + 3) - 32(ciC2C3 + 1). 

The surface 

r = {(ci, C2, C3) e I (c? + 3){cl + 3){cl + 3) - 32(ciC2C3 + 1) = o} 
in the cube 

C = \^{x,y,z) eR^l - 1 < x,y,z < 1^ 

is a tetrahedron-like object but with smoothed edges and (omitted) vertices at (1, 1, 1), 
(1,-1,-1), (-1,1,-1), and (-1,-1,1). 

The moduli space II3 is a quotient of F which arises from permutations of the 
ends. A choice c = (ci, 02,03) determines a set of six ends on the double-covering 
sphere. The group of rotations of the cube is the order-24 permutation group 5*4 
generated by two kinds of elements: 

• permuting the three numbers (ci, C2, C3), 

• negating any two of the three numbers (ci, 02,03). 

Action under this group determines the same six ends. Hence lis = r/S'4 is a rep- 
resentation of the moduli space of minimal projective planes with three embedded 
planar ends. 

Draw the two diagonals on each face of the cube C dividing each face into four 
triangles. Consider the the 24 tetrahedra whose bases arc these triangles, and whose 
common vertex is the origin. Each of these tetrahedra is a fundamental domain under 
the action of 5*4 on the cube. This can also be seen by noting that any {c[, O2, O3) in 
the cube C has in its orbit under S4 a point (oi, 02,03) satisfying Oi > 02 > I03I > 0. 
Let 

T = {(oi, 02, C3) e C I oi > 02 > I03I > 0} 

be one of these tetrahedra. Then D — T is a, fundamental domain in F for the 
group S4, with boundary 



C^2 



(73 = - 



dD^dTnr^ ({oi = 02} u {02 = 03} u {02 = -03}) n (t n r). 
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D can be shown to be topologically a closed disk with the point corresponding to the 
corner (1, 1, 1) of the cube removed. 

Proof of (a): The minimal Mobius strip with total curvature — Gtt, found in [18], 
has spinor representation 

G{w)\/dw — Vi{—{w + l)/w^, w — l)\/dw 

Let ((7i(s), (T2(s)) : — )• F be a proper curve. It follows from the reahty of (72 

1 1 



that 



hm 

s-^oo (7i(s) 



hm 



hm ^ = 0, 



and by a permutation of the ends we can assume 

hm ^ = 1. 

Further, 



lim 



smce 



T1T3 



1 - 



20 



Now choose a function a : R"^ 



(7i(73 

CC such that 



and so 



lim 

s— >oo 



lim 

s— >oo 



- = 0, 



— as 



= 0. 



Let X be defined by 



Vi 

X{z)Vdi^ —{ti,t2), 



where ti, t2 are as in section 22. A careful reparametrization and rotation of the 
surface generated by X(z)Vdz converges uniformly in compact sets to the Mobius 
strip given above: Let z — aw, and 



,3/2 







Then 



a-^/^ 



AaX{z)Vdz — Aa\^X{aw)Vdw 
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is the appropriate reparametrization and rotation. This amounts to showing 



uniformly in compact sets not containing the ends, which follows by a calculation 
using the limits above. 

Proof of (Hi): To find the surfaces in which have non-trivial symmetry groups 
as surfaces in space, let G = Z2 x PSU(2) =0(3) be the group of conformal and 
anticonformal diffeomorphisms of C U {00} = with the property that any ^ & G 
commutes with I. Via stereographic projection, G can be thought of as the isometry 
group of S'^ C M^, so ^ e G satisfies (a, 6) = {^a,^b). The group of symmetries 
of the minimal surface in space induces a subgroup H d G acting on the domain 
S'^. Moreover, the subgroup H G G which permutes the ends is isomorphic to the 
subgroup K C which fixes the point (ci, C2, C3) representing the ends, since ^ G if 
preserves the inner product defining the cosines Ci, C2, C3. 

The point of all this is that the symmetry group of a surface represented by 
(ci, C2, C3) G 113 can be determined by finding the subgroup of S4 which fixes (ci, C2, C3). 
Using this method, the surfaces other than the Mobius strip at (1, 1, 1) are 

• elements of dD, each with a line of refiective symmetry, 

• (a/S/S, 0, 0) e dD with symmetry group Z2 x Z2, 

• (c, c, — c) G dD with symmetry group S3 = 

The last (and most symmetric) of these is a surface described in [14] . □ 



24 Genus one 

The remaining sections concern minimal immersions in the regular homotopy classes 
of tori and Klein bottles with embedded planar ends. In sections 25 and 26, the 
skew-symmetric form Q is computed for the twisted and the untwisted tori. This 
computation is then used to show the nonexistence and existence of various examples. 
In section 27 it is shown that no such tori exist with three ends, and in section 28, 
is found a real two-dimensional family of immersions with four ends exists on each 
conformal type of torus. After some general results about Klein bottles in section 29, 
a minimal Klein bottle with embedded planar ends is constructed in section 30. 




25 Q on the twisted torus 



For the non-example in section 27, and for the example in section 28, it is necessary 
to compute a basis for for the twisted torus (see section 8), and the matrix for 
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Q in this basis. On the torus C/{2cJi, 2CJ3} with the standard coordinate u, let S 
be the spin structure corresponding to the twisted torus, that is, represented by the 
holomorphic differential ip^ = du. Let P = [ai] + . . . + [a„] and set a;2 = + ur^ 
throughout the remainder of Part III. 

To show that H = {cipo \ c E C}, let t E H. Then < (t) = {t/(po) + M = 
{t/(po). Hence t/ipo is a holomorphic function on the torus, so it is constant. 

A basis for T is {to, ti, . . . , tn-i}, where 

^0 = fo, 

ti = {C{u - ai) - C{u) + C{ai)) (po: 
_ 1 ( p'(u) + p'(ai) \ 
2 1, p{u) - p(a,) ; 

(see equation (B.17)). These are in T because 

(to) = > -P, 

(ti) = [xi] + [Vi] - [ai] - [0] > -P 

where and i/i are the zeros of p'{u) + p'{ai) other than — a^. These sections are 
independent because they have distinct poles, and hence span since dim = n. To 
compute fl in this basis, first compute the expansions of ti at Qq, . . . , a„_i (assume i, 
J + 0): 

ti = {-u ^ + o{u))ipo, 

ti = {{ti/<Po){aj) + o{u))ipo {i ^ j), 

ti^ {u- aj)"Vo- 

Using equation (16.12), we have 

f2(tj, tj) 



26 Vt on the untwisted tori 

As above, it is also necessary to exhibit a basis for T on the untwisted tori (see 
section 8), as well as the matrix for in this basis. On the torus C/{2a;i, 2a;3} with 
the standard conformal coordinate fix r e {1, 2, 3} and choose the spin structure 
on the untwisted torus, represented by 



^ (i^O; jVO;iv^i), 
(otherwise) . 
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where pr{u) = p{u) — p{wr)- Let P = J2[0'i] with the Oj G T \ {0,Ur} distinct. 

For this choice of spin structure, Ti. — 0. To show this, first note first that 
(ipr) = [0] - [a;^]. lit en, then 

< (i) = (t/^r) + M = (t/^r) + [0] - [oJr]. 

It follows that {t/(pr) > [w,.] — [0]. But since t/(pr is a function, the degree of its divisor 
is 0. Hence {t/(pr) — [<^r] — [0]- But this is impossible by Abel's theorem on the torus: 
for an elliptic function /, if (/) = JZ^ilpi] (as a formal sum) then JZ^iPi = (as a 
sum in C). 

A basis for JF is {ti, . . . , t„}, where 

ti{u) = {C{u - ai) - C{u) - CiiOr ~ fli) + Ci^r)) <Pr 

1 / priu)p[.{ai) + p'Xu)pr{ai)\ 



{ai){pr{u) - pridi)) 



(see equation (B.17)). These arc in because [ipr) = [0] — [lOj], so (tj) = [a, — Ur] — 
[di] ^ —P, and are independent because their poles are distinct, so they span since 
dimjF = n. The expansions of at oi, . . . , are 

ti = {{ti/ipr){aj) + o{u - aj))(pr {i ^ j), 
ti = {{u - aj)"^ + o{u - ai))ipr- 



Using the local expression (16.12) for Q, we have 



^{ti, tj^ 







ii = i). 



A particularly simple situation arises when the ends come in pairs a and —a. 
Assume n — 2m and am+i — —cti (i = 1, . . . ,m). In this case, a simpler basis is 
{ii, ...,im, im+i, Urn}, where for 1 < i < m. 



_ Pr{ai) , s 



p'Adi) 



In this basis, the matrix for fl becomes 



Pr\U) 



pr{u) - pr{ai)^ 
pr{u) - pr{ai)^ 






w ^ 
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where W is given by 



Pr{ai) - pr{aj) 
4 



pri^iY - CpCg 



Pr{ai){pr{ai) - Cp){pr{ai) - Cq) 



{i = j) 



and Cp — Bp — Cr, Cq — Sq — Sr, {p, 5, r} = {l, 2, 3}. Note that the entries of W are 
entirely free of p'^. 

A useful property of the basis above is as follows: let L : M — > M be defined 
as L{u) = —u; then for i < m and j > m + 1, 



so 



and so 



f^ {iiij^ — iiij^ 

[ Uj = / L*{kii) = / Uj = - / 

I iiij = (i < m; j > m + 1; /c = 1, 3) 

J'yk 



27 Non-existence of tori with three planar ends 

An outline of the proof of the non-existence of three-ended tori, twisted or untwisted, 
is given. 

Theorem 26. There does not exist a complete minimal branched immersion of a 
torus into space with finite total curvature and three embedded planar ends. 

Sketch of proof : The proof is divided into two cases: for the twisted torus there exist 
immersions with periods, but the periods cannot be made purely imaginary; for the 
untwisted torus, there are not even periodic examples. 

First consider the more difficult case of of the twisted torus. With everything 
as in section 25, let {0, ai, 02} be the set of ends, and let Pi = p(ai), p'i = p'^di)- The 
condition dim /C > 2 puts the following condition on the placement of the ends: 

92 = 4.(pj+pip2+pl), 

where g2 is the constant in the differential equation (p')^ = 4p^ — g2p — g^. To see 
this, first note that ker Q — K, ®H and dimTi = 1. Hence if dim/C = 2 then = 0. 
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Assume first that Oi + 02 7^ 0. Then Pi — P2 7^ 0, and the entries of Q indicate that 
P'l + P2 ~ Hence 

(p'lT = 4pf - C/2P1 - 93 

and 

are equal, and the desired condition follows. The condition also obtains in the case 
that ai + a2 = 0; this can be shown as a limiting case of the above. 
Changing basis now to simplify the period equations, let 

tl = tl + 6t2, 

^ 2 
t2 — ti -\- £ t2, 

where £ = (— 1 + •\/3)/2. With 71, 73 the closed curves parallel to coi, los respectively 
(as in Theorem 28), the integrals relevant to the periods are (for k — 1, 3) 



I 



L 



Ik 



Ik 



^1 = -6g2^^fe, 



Ik 
where 

?l = -((£-£>l + (£-l)p2)/3, 

?2 = -((£'-£)pi + (£'-l)p2)/3, 

?1?2 = (P? +P1P2 +P2)/3 = 52/12. 

A choice of a pair of independent sections from /C can be normahzed by the action of 
R* X SU(2) to be 

s\ = ziii + £2, 

S2 = Z2il, 

with zi, Z2 e C. Then the period equations (10.9) can be written 

V qiZlZ2 I V Ql^l^2 J 
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where 

\ c d J \r]3 Us J 

Changing from the variables {zi, Z2) to (w, 2:2), this system is equivalent to the system 

w"^ + lPqiq2 -d^ = 0, 
2w + 2d- h^qiq{zl = 0, 

Prom these it follows that 

WW — 1 = 0, 
aw^ — a = 0, 
—a — ah^qiq2 + ad^ = 0. 

This last condition, depending only on the conformal type of the torus and not on w, 
Zi, and Z2, is a degeneracy condition for the period equations. It also follows, by an 
examination of the sign of a{w — a) G M, that 

\a\ > 1. 

A delicate argument, which is omitted here, using the expansions [16] 

^4 / 00 

'<. = I^(l-24|..(nk"). 

where 

d\n 

shows that the degeneracy condition is not satisfied under the constraint |a| > 1 over 
the whole moduli space of Riemann tori. Hence no examples with three ends can be 
found in the case of the twisted tori. 

The case of the untwisted tori is much easier. Fix r e {1,2,3} and let be 
as in section 26. Let {01,02,03} be the ends, translated so that they avoid {0,0;^}, 
and let {^1,^2,^3} be the basis for given in the same section. The condition that 
dim/C = dimkcrfi < 2 forces Q to be zero. This means, for example, that ti/(pr have 
zeros at 02 and 03. But the zeros of ti/ipr are oUr and ai — Ur, so one of 02, 03 has to 
be LUr, contrary to the assumption. □ 
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28 Minimal tori with four embedded planar ends 

Here the existence of families of four-ended tori is established. 

Theorem 27. For each conformal type of torus there exists a real two-dimensional 

family of complete minimal immersions of the torus punctured at four points into space 
with finite total curvature and embedded planar ends. Each of the tori is twisted. 

Proof. To exhibit the family, it is first necessary to determine the placement of the four 
ends. The ends in fact must be, up to a translation, at the four half-lattice points. To 
show this, on the torus C/{2cJi, 2003}, assume the four ends are {0, ai, 0,2, (13}, where 
Oi, 02, 03 are distinct points in the torus to be determined. With (/9q = du, the matrix 
for fl in the basis {1, ti, t2, t^} = {(p, fi(pQ, f2^o, fs^o} of section 25 is 

/ \ 

/2(ai) /2(a3) • 
VO /3(ai) /3(a2) J 

If kerJl — Ti ® fC is two-dimensional, then dim/C = 1, since dimTi = 1, so 
/C is not big enough to generate a minimal surface. Hence to produce surfaces, 
rankQ, being even, must be zero. In this case, all the entries of the above matrix 
are zero; a look at ti shows that p'{ai) + p'{aj) = for all i 7^ j. It follows that 
p'{ai) = p'{a2) = p'ias) = 0, so {oi, 02, 03} = {ui,U2, u^}. 

With the ends fixed at {0, a;i, a;2, a;3}, — kerJl = ® /C, so {^1,^2,^3} is a 
basis for /C. The simple zeros and poles of ti, t2, and t^ are illustrated below. 



/ 




• 


/ / 


CXO 

• 


/ CXO 


/ / 




00 


/ 00 / 


/ 


00 / 


/ 



^1 t2 ts 



Figure 6: Zeros and poles of ti, t2, and ^3 
To solve the period problem outlined in section 10 it is convenient to choose a 
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new basis {^1,^2,^3} for ^ which "diagonahzes" the period equations. Let 

( h\ 

\t3 / 



or 




iiiyU) = (C(m) + C{u - ui) - Ciu - UJ2) - Ciu - UJ3) + 2C{uJi))ipo, 
hiu) = (C(m) - Ciu - uji) + ({u - UJ2) - Ciu - + 2C(^2))v^o, 
k{u) = (Ciu) - C{u - io-i) - C{u - ^2) + Ciu - UJs) + 2C{iU3))(po- 

The simple zeros and poles of ti, 4, and £3 are illustrated below. To compute the 



, 00 
00* • • • 



00 



00 
ii 




Figure 7: Zeros and poles of ii, £2, and £3 
periods, use equation (B.18) to write 

ti{u) = {p{u) + p{u - ui) + p{u - UJ2) + piu ~ W3) - 4^(0;^)) du, 
{iii2){u) = {p{u) - p{u - uji) - p{u - U2) + p{u - uj^)) du, 
{iii3){u) = {p{u) - p{u - uji) + p{u - UJ2) - p{u - Us)) du, 
= {p{u) + p{u - ^^i) - p{u - ^^2) - p{u - 0J3)) du. 



With 7i, 73 the closed curves on the torus respectively parallel to uji, uj^, the periods 
are 

-8{i]k + uJke-i) if ^ = J 
ifz^j 



f = / 

J Ik 



titjdu 



(/c = l,3), 



where = p{oJi) and r]k — C('^fe) (see appendix B). In general, with 

h = xiii + X2i2 + X2,h 

t2 = yiii + y24 + ^3^3 
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the period equations (10.9) are 



l<ij<3 l<jj<3 



Y Pi'^iVj (A; = 1,3). 



l<i,j<3 



Now let (i, J, k) be a permutation of (1, 2, 3) and make the particular choice 



The second period equation above is satisfied for all Xj, Xj, and the first period 
equation can be written in the form 



where rji = C(<^i) and Cj = p{uJi) and B is defined in section 27. The condition that 
the surface be immersed is that Si and S2 have no common zeros. The zeros of S2 are 
at {a;fc/2,a;fe/2 + a;i,a;fc/2 + a;2,a;fe/2 + a;3}, and 

Pju;k/2)^Pju;k/2 + u;i)^Aiek-ei) {m^i,j; 1^1,2,3). 

A necessary condition that the surface branch is that 



With the choice {i, j, k} — {1, 2, 3} it can be shown that this condition is not satisfied 
in the standard fundamental region of the moduli space of tori. The proof uses the 
g-expansion for g2 and r] given in section 27, as well as the expansion 





(efc - ei)x- - (efe - ej)xj = 0, 



or 




0. 




where 



r(n) = J2 



d\n 
d odd 
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Thus we have found a single immersion of every conformal type of torus punc- 
tured at the half-lattice points. Since the period conditions amount to at most six 
real conditions on 12 variables, there is a real 6-parameter family of surfaces, which 
modulo the action of the group in equation (9.8) leaves a 2-parameter family. The 
existence of the real two-dimensional family follows from the fact that the condition 
of being immersed is an open analytic condition. □ 



29 Klein bottles: conformal type, spin structure 
and periods 

Theorem 28 shows that the torus underlying a Klein bottle must have the conformal 
type of the complex plane modulo a rectangular lattice, and it computes the order-two 
deck transformation for the covering of the Klein bottle by the torus. The theorem 
further shows that the torus which doubly covers the immersed Klein bottle must be 
untwisted. (This can also be seen from purely topological considerations.) 

Theorem 28. Let X : K' — > be a complete minimal immersion of a punctured 
Klein bottle with finite total curvature, tt : T — > K — K' the oriented two-sheeted 
covering by a torus T, and I : T — > T the order-two orientation-reversing deck 
transformation for this cover. Then we have the following, 
(i) T is conformally equivalent to C/A, where A is a rectangular lattice with gen- 
erators 2u!i G M and 2u}^ G iM. 
(a) On this torus, the deck transformation I may be chosen to be I{u) — u-\-uJi. 
(Hi) With this choice, the admissible spin structures are those represented by {p{u) — 

p{ui2))du and {<p{u) — p{u3))du. 
(iv) If (si, $2) is the spin representative of X o tt on T, the period conditions reduce 
to the conditions J^^ sf = and /^^ S1S2 = along a closed curve 71 parallel to 

LOl. 

Proof of (i) and (ii): Let Aq be a lattice such that T = C/Aq. Since every conformal 
map from T to T must be linear in the standard coordinate -u on C and since / is 
anticonformal, I{u) = au-\-P for some a, /3 G C. The periodicity of / and implies 
that aAo C Aq and a~^Ao C Aq. These together imply that ccAq = Aq. Choose 7 G C 
satisfying I7I = 1 and 7/7 = a; the rotated lattice A = 7A0 satisfies A = A (a so- 
called rea/ lattice). Hence A is either rectangular with generators 2uJi G M, 2u3 G iM, 
or A is rhombic with generators 2uJi and 2003 = 2Ui. On C/A we have I{u) = au + j3 
for some new a, /3 G C. As before, aA = A, but A = A, so a = ±1. If a = — 1, 
replacing A by lA preserves its reality, and changes a to 1. 
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With a — 1, the condition that / is involutive is that /3 + /9 G A. By the change 
of coordinate u i-^ u — i Im (3, it can be assumed that /9 G M. Then the involutive 
condition is that 2/5 G A. If /9 G A then is a fixed point of /. Hence j3 = uji 
(rectangle) oi [3 = uJi + (rhombus). In the latter case, uji is a fixed point of /, so 
the only admissible case is the rectangle, with I{u) —u-\-uJi. 

Proof of (in) : The compatibility condition in Theorem 11 demands that I*I*{s) ~ 
—s for any section s of the spin structure. A computation shows that this condition 
is met only for the two spin structures named. 

Proof of (iv): Let 71 and 73 be respectively the closed curves t ^ u!it/\u!i\ + Ci 
and 1 1— > cust/lcusl +C2, (0 < t < 2), where Ci, C2 G C are chosen so that the curves do 
not pass through any ends. Then /(71) = 71, ^(73) = —73. The periods conditions 
are 



/ sl^ [ si (fc = l,3), 

Jik -Ilk 

[ S1S2 eiR {k^ 1,3). 

Jik 

With I as above, under the double-cover assumption 



(si,S2) = ±(i/*S2, -iI*Sl), 

we have 



s2 
•^2 



/ S1S2 = / I*SiS2 = / S1S2 = - / S1S2, 

SO the period conditions are automatically satisfied for k — 2). Moreover, we also have 



J 11 J 71 JI{ll) J 11 



•S2 



S1S2 = / /*SlS2 = / S1S2 = / S1S2 
71 "'71 -llill) Jll 

and the first two period conditions (10.9) become 

= 



/ 

•^71 



71 

S1S2 = 



(this amounts to three real conditions because under the above assumption, the second 
integral is automatically real). □ 
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30 Minimal Klein bottles with embedded planar 
ends 

A minimal Klein bottle is constructed in this section. Its compactification is a W- 
critical surface with energy W = 16n, which lies in the amphichiral regular homotopy 
class Kq =B#B of Klein bottles (of. [13], [24]). Clearly there are no minimal 
Klein bottles with two embedded ends and we conjecture there are none with three 
embedded planar ends. 

Theorem 29. There exists a minimal immersion of the Klein bottle with four em- 
bedded planar ends. 

To construct this example, let T = C/{2a;i, 2^03} be a square lattice with 

UJ3 — icui 

pM = 

p{uj^) = -1. 
Let /: T — )• T be the deck transformation 

I{u) — U-\- UJi 

as in Theorem 28 i) . Let a e T be a point (yet to be determined) such that 

I{a) — —a, 

and let E — {ai, . . . , a^} C T be the points in Table 3. We want to construct a 
minimal immersion X: (T \ E)/I — > R^, 

X{z) = Re j\sl - si, i{sl + si), 2S1S2), 

where Si, 62 are sections of the spin structure S determined by ip, where 

2 du du 

^ p{u)-p{uJ2) Piu)' 
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Table 3: Values of p and p' at ends of Klein bottle 



u 


P(«) 


P'(«) 


I{u) 







r 


r' 


05 


02 = 


+ a;2 


-1/r 




06 


Os = 


—ia 


— r 


—ir' 


04 


04 = 


—ia + CJ2 


1/r 


—ir'/r'^ 


03 


05 = 


— Oi 


r 


-r' 


Oi 


06 = 


-02 


-1/r 




02 


O7 = 


-03 


— r 


ir' 


Os 


Os = 


— 04 


1/r 


ir' jr^ 


07 



Step 1: Determination of the ends 



Let {ti, . . .,t8}, 



t. 



a+4 



p{u) - p{aa) 

p'i") 



(1 < a < 4) 



p{u) - p(Oa) 

be a basis for as in section 26. The skew-symmetric matrix for Q in this basis is 



where W is given by 



W 



V 





f-M 


W \ 












r^ + 1 


4r 


2 


4r 


r(r2 — 1) 


r^ + 1 


r 


r2 — 1 


-4r 


r(r2 + 1) 


4r 


-2r 


r2 + 1 


r2 - 1 


r2 - 1 


-2 


-4r 


-(r^ + 1) 


-4r 


r 
-4r 


r^ — 1 
2r 


r(r2 — 1) 
4r 


r2 + 1 
-r(r2 + 1) 


r2-l 


r2 + l 


r2-l 



The desired sections Si,S2 he in kerfi, so a necessary condition for existence is 



that 



= det 



(3r« - 4r6 + SOr^ - 4r2 + 3)2 9(r4 + mr2 + l)2(r4 + mr2 + if 



(r4 - 1)2 



(r^ - 1)2 
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where m = —2(1 — 4v^i)/3. Let r be the root of + mr^ + 1 in the fourth quadrant; 
with this choice, the domain T\E is shown below. 

Us 





• 

—a + 002 


—ia + UJ2 
• • 




ia 


a 




m 

—a 


—ia 
• • 

ia + UJ2 


a + u;2 

• 





UJ2 

Figure 8: The eight ends in the double cover of the Klein bottle 

Step 2: Choosing sections si, S2 of S; the period equations 

With r fixed as above, rank Q, is 4, and a basis for ker Q is {si, §2, S3, §4} where 





4 






= E 

a=l 

4 




S2 


a=] 






= il* 


h 


§4 


= il* 


S2, 



ci = (2(r2 - If, (r^ + l)(r2 - 3), (r^ + l){3r^ - 1), -2(r2 - 1)^) 
C2 = ((r^ + l)(3r2 - 1), -2(r2 - l)^ 2(r2 - 1)2, (r^ + l)(r2 - 3)) 

and /* is a choice of a lift of the deck transformation / to the spin structure S. 
Let 

51 = XiSi + X2S2 

xi, ^2 e C 

52 = iI*Si = X1S3 + X2S4. 

We want to find xi, X2 such that the real part of all periods are zero. By Theo- 
rem 28(iv) and section 29, the period equations reduce to the single equation 

= / sj^ x\Pl' + 2x^X2Pl^ + 4Pr, 
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where 

•'Ik 

along the curve 7^: 1 1 — > tojk (—1 < t < 1). 
Step 3: Exphcit solution of the period equation 

The period equation above can be solved once P^'^ are known. To compute 
these, let 



E CaP{u - a«) + du, C^ECa 



Si So 

2 

as in equation (B.18). Then 

p/i = / sl = A7]i + BuJi, 

pi2_ / SiS2 = Cr7i + £>a;i, 

P^^ = Ari3 + 5cj3 = i{-Arii + Bui) 
Pr = Cr)3 + Dus = i{-Cr)i + Duj^) 

Vk^ -7; / p{u)du. 
Let J: T ^ T be defined by J{u) = m, and let J* be a hft of J to 5. Then 

Si = ViJ*S2, S2 = ViJ*Si 

for some choice of -s/i. Then 

-Pl^ = / -§152 = / iJ*SiS2 = i / J*SiS2 = i / S1S2 = iP^^, 
Jjl Jji "'•^(71) "'TS 

so D = 0. Again, 

= / / ^rsl = ^^ sl=^f sl=iPl\ 

Jfl J71 •^•^(71) •'13 

SO ^ _ 
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Having computed Pl^,Pl'^,Pp in terms of A,B,C, we compute A.B.C by 
expanding SaSp/du in two ways and equating coefficients. On tlie one liand, by tlie 
definition of Sq, we have 

sJp/du^Y.TT-^ rWT^^ ---(l<a,/3<2; 1 < 7, 5 < 4). 

Using tfie formula (for p'{uq) finite and non-zero) 

p{u) - p{uq) U-Uq 

we get the expansion at a-y 



SaSpl du 



{u — a^Y 

On the other hand we have the expansions at a-y 



SiS2/du — 



{u — a-y)^ 



Equating coefficients, 



A, = -2(cT)VK)/(p'K))' 

C7 = -2c]'c]p(a^)/(p'(a^))^ 



so 



A = ^ A = -32r'(r^ + + l)/3 

To compute B, note that Si has a zero at to get 

B = Y.A,p{a^)=4r{r^ + lf. 

This solves the period equation. 

Finally, that the immersion is unbranched is the condition that Si, S2 have no 
common zeros. This amounts to the condition that if uq is a zero of si, then I{uo) is 
not. By using the identity 

I P^ 7> 

this can be checked by setting si to zero, and solving numerically the cubic in p which 
results. 
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Appendix 

A The Pfaffian 

Here we recall some basic facts about skew-symmetric forms. 

Definition. A bilinear form A on a vector space V of dimension n is skew- 
symmetric if 

^iyi,V2) + A{v2, t'l) = for all Vi, V2 G V, 
or alternatively, if the matrix A for A satisfies 

A + A^^O. 

The space of skew-symmetric bilinear forms is A^(^*)- The pfaffian is a function 
on skew-symmetric forms whose square is the determinant. 

Definition. For A e A^(^*); ihe pfaffian of A is 

m times 

pf{A) = I ^ (^4 A . . . A ^4) if dim{V) = 2m is even, 
if dim{V) is odd. 

For a matrix (aij) of A G A^(^*) in the basis {ei,...,e^} the pfaffians for 
m = 2, m = 4, and m = 6 are respectively 

0-12, 

012^34 ~ 013^24 + 0-14(323; 
012034056 — Ol2fl35Ct46 + fll2fl36Ct45 ~ 013024056 + 013025046" 
O13O26O45 + O14O23O56 ~ 014025036 + 014025035 — 015023046+ 
O15O24O36 — O15O26O34 -|- O16O23O45 ~ O16O24O35 -|- O16O25O34. 

The general pfaffian of a 2m x 2m matrix has (2m)!/(2m!) = 1 ■ 3 ■ 5 (2m — 1) 

terms. 

Lemma. The rank of a skew- symmetric matrix is even. 

Proof. Let A be an m x m skew-symmetric matrix with rank r. The proof is by 
induction on m. In the case m = 1, then A = (0) with even rank 0. Assume for some 
n that the lemma is true for all skew-symmetric matrices smaller than A. If n is odd, 
then 

det^ = detA* = det(-A) = (-l)"det A = -det^, 
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so det A = and A has a non-zero kernel. If n is even, then A also has a non-zero 
kernel unless it has full — hence even — rank r — n. So in either case we may assume 
A has a non-zero kernel. 

Let vi, . . . , Vn-r be a basis for ker A, and extend to a basis vi, . . . , Vn-r, wi, . . . ,Wr 
for C". Let P be the n x n matrix with these vectors as columns. Then P^AP is of 
the form 

P^AP -- 















where is an r x r matrix of rank r < n. Moreover, 

{P^APf = P*A*P = -(P*AP), 

so P*y4P, and hence Aq is skew- symmetric. By the induction hypothesis, r = rank A 
is even, since it is the rank of the smaller skew-symmetric matrix Aq. □ 



B Elliptic functions 

For reference, here are some standard notations and facts about elliptic functions 
used in this paper (see for example [6], [7]). 

Lattices. A non-degenerate lattice A is real if A = A. There are two kinds of 
real lattices: 

(i) rectangular: generators a;i e R and 103 e iM. can be chosen for A. 

(ii) rhombic: generators cui and cus — uJi can be chosen for A. 
For any lattice with generators cui, cu^, let 002 — — — <^3- 

The Weierstrass p function: Given a lattice A generated by cui and cu^, the 
elliptic function p on C/A satisfies the differential equation 

{pT = - 92P -93^ 4(p - ei)(p - 62) (p - 63), 

where 

ei = p{uji) (i = 1,2,3), 
ei + 62 + 63 = 0, 
g2 = -4(eie2 + 6163 + 6263), 
53 = 4616263. 

The function p has a double pole at and two simple zeros which come together only 
on the square lattice; p' has a triple pole at and three simple poles at uji, 002, 003. 

The function p is even; p' is odd. On a horizontal rectangular lattice, p{u) = 
p{u); on a horizontal square lattice, p{iu) = —p{u). 
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The expansion for p at is 



1 , 92_2 



A useful property of p is the following special case of the addition formula 
({i, J, k} is any permutation of {1, 2, 3}): 

(B.15) p{u ± uJi) ^ ei + T^^^^ -. 

The Weierstrass C, function: The C function is defined by 

C(m) = - / p{u)du, 



with the constant of integration chosen so that limu_»o C('^) ""^ = 0. With rji — Ci^i) 
{i — 1, 2, 3), properties of ( include: 

■ni + m + vs^ 0, 

Ciu + 2uJi) = C{u) + 2r]i (i = 1,2,3), 
C is an odd function. 

Legendre's relation is that 

(B.16) rjius - rjsoui = i7r/2. 

A form of the quasi-addition formula for C is 

1 f p'{u) + p'{v)\ 



(B.17) (^(u-v)-au)+av)^ 



2 V piu) - p{v) 



A useful property of elliptic functions which can also be stated in more generality 
is the following: Let / be an elliptic function with poles of order at most 2, with no 
residues, and with principal parts 

0.1 Cln 



Then 

(B.18) /(m) = 6 + ^a,p(M-a,) 

for some 6, because the difference f{u) — '^^otipiu — ai) has no poles and hence is 
constant. 



61 



References 

[1] Arbarello, E., Cornalba, M., Griffiths, P. A., and Harris, J. Geometry of algebraic 
curves. New York: Springer- Verlag, 1985. 

[2] Bryant, R. A duality theorem for Willmore surfaces. J. Diff. Geom., 20:23-53, 
1984. 

[3] Bryant, R. Surfaces in conformal geometry. Proceedings of Symposia in Pure 
Matliematics 48:227-240, 1988. 

[4] Callalian, M., Hoffman, D., Mccks HI, W. H. Embedded minimal surfaces with 
an infinite number of ends. Invent. Math. 96:459-505, 1989. 

[5] Costa, C. Complete minimal surfaces in of genus one and four planar embed- 
ded ends. Preprint, 1990. 

[6] DuVal, P. Elliptic functions and elliptic curves. Cambridge: Cambridge Univer- 
sity Press, 1973. 

[7] Erdelyi, A., ed. Higher transcendental functions. New York: McGraw-Hill, 1953. 

[8] Gilbert, J. E., and Murray, A. M. A. Clifford algebras and Dime operators in 
harmonic analysis. Cambridge: Cambridge University Press, 1991. 

[9] Griffiths, P., and Harris, J. Principles of algebraic geometry. New York: Wiley- 
Interscience, 1978. 

[10] Gunning, R. Lectures on Riemann surfaces. Princeton: Princeton University 
Press, 1966. 

[11] Gunning, R. Riemann surfaces and generalized theta functions. New York: 
Springer Verlag, 1976. 

[12] Kauffman, L. H. On knots. Princeton: Princeton University Press, 1987. 

[13] Kusner, R. Comparison surfaces for the Willmore problem. Pacific Journal of 
Mathematics 138:317-345, 1989. 

[14] Kusner, R. Conformal geometry and complete minimal surfaces. Bull. Amer. 
Math. Soc. 17:291-295, 1987. 

[15] Kusner, R. Global geometry of extremal surfaces in three-space. Dissertation, 
Univ. of California, Berkley, 1988. 



62 



[16] Lang, S. Elliptic functions. New York: Springer- Verlag, 1987. 

[17] Lawson, H. B., and Michaelsohn, M. L. Spin Geometry Princeton: Princeton U. 
Press, 1989. 

[18] Meeks III, W. H. The classification of complete minimal surfaces in with total 
curvature greater than —8%. Duke Mathematical Journal 48:523-535, 1981. 

[19] Mccks III, W. H. and Patrusky, J. Representing homology classes by embedded 
circles on a compact surface. 111. J. Math. 22:262-269, 1978. 

[20] Milnor, J. Spin structures on manifolds. Enseign. Math. 9:198-203, 1963. 

[21] Mumford, D. Tata lectures on theta, v. 1 and 2. Boston: Birkhauser, 1983. 

[22] Osserman, R. A survey of minimal surfaces. New York: Van Nostrand Reinhold, 
1969. 

[23] Peng, C. K. Some new examples of minimal surfaces in and its applications. 
Preprint, MSRI, 1986. 

[24] Pinkall, U. Regular homotopy classes of immersed surfaces. Topology, 24:421- 
434, 1985. 

[25] Rees, E. Notes on geometry. New York: Springer- Verlag, 1983. 

[26] Schmitt, N. Minimal surfaces with embedded planar ends. Dissertation, Univ. of 
Massachusetts, Amherst, 1993. 

[27] Sullivan, D. The spinor representation of minimal surfaces in space. Notes, 1989. 



63 



Graphics 

The following computer graphics were produced at the Center for Geometry, Analysis, 
Numerics and Graphics using the MESH program authored by Jim Hoffman. For more 
information about MESH, contact web@gang.umass.edu. 



